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An overview of some o f  the r ecen t  major developments i n  t h e  theo ry  and 

a p p l i c a t i o n s  of p s e u d o s p e c t r a l  method i s  provided.  The a r t i c l e  is d i v i d e d  

i n t o  t w o  p a r t s  - t heo ry  and a p p l i c a t i o n  t o  F l u i d  Dynamics. The p a r t  on t heo ry  

summarizes t h e  r e s u l t s  p e r t a i n i n g  t o  t h e  b a s i c  p r i n c i p l e s  o f  p s e u d o s p e c t r a l  

methods, t h e i r  implementation and the r e l e v a n t  e r r o r  estimates. The p a r t  on 

a p p l i c a t i o n s  is  d iv ided  i n t o  two s e c t i o n s  - i ncompress ib l e  and compress ib l e  

flows. The s e c t i o n  on incompressible  f lows i s  conf ined  t o  t h e  s i m u l a t i o n  of 

s t a b i l i t y  t r a n s i t ’ i o n  and t u r b u l e n c e  by s p e c t r a l  methods. The compress ib l e  

f lows s e c t i o n  p r e s e n t s  a f a i r l y  up-to-date review o f  s p e c t r a l  methods as 

a p p l i e d  t o  P o t e n t i a l  and E u l e r  equat ions.  The l a s t  s u b s e c t i o n  d i s c u s s e s  

b r i e f l y  a s p e c t r a l  a lgo r i thm f o r  compressible  Navier-Stokes equa t ions .  
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INTRODUCTION 

The 1977 monograph by Gottlieb and Orszag reviewed the state of the art, 

at that time, of spectral methods. The theory presented in that work centered 

on the Galerkin and tau methods and the fluid dynamical applications were 

confined to incompressible flows. In the past several years, there has been 

extensive activity both in the theory and application of spectral methods. 

This activity has been mainly concentrated in the area of pseudospectral 

methods. For the theory, functional analysis has proved to be a powerful tool 

for obtaining useful error estimates. For spectral techniques, improved 

iteration methods have been developed that make possible large-scale 

calculations of complicated physical phenomena. For applications, first 

results for compressible flow problems have been obtained for rather 

complicated flow fields including shock waves and significant progress has 

been made on transition and turbulence in incompressible flows. 

The aim of this article is to review some of the major developments that 

were made since 1977. We concentrate on pseudospectral techniques as the 

analysis of Galerkin and tau methods is adequately covered in our 1977 

monograph. The review is divided into two main parts. First, we give a 

summary of results that explain the nature of pseudospectral methods, the 

correct way to implement them, and the error behavior that should be expected 

to be produced by them. It should be noted that some very important results 

in the theory of spectral methods are omitted. Our guideline has been to 

quote those results that are used in the applications discussed in the second 
. 
I. part. 

The part on applications contains two major subsections, namely 

incompressible and compressible flows. Our review is by no means exhaustive; 

some major applications are not discussed at all. For example there is a 
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l a r g e  and r a p i d l y  growing l i t e r a t u r e  on t h e  a p p l i c a t i o n s  of s p e c t r a l  methods 

i n  meteorology (see,  e.g., H a l t i n e r  and W i l l i a m s  1980).  Our g o a l  h e r e  i s  t o  

i n t r o d u c e  t h e  p o t e n t i a l  u s e r  t o  t h e  range of a p p l i c a t i o n s  of s p e c t r a l  methods 

and t o  t h e  problems encountered i n  implementing them. S p e c t r a l  methods 

p r o v i d e  a very s o p h i s t i c a t e d  t o o l  f o r  s c i e n t i f i c  computing; as i n  t h e  c a s e  of 

o t h e r  s o p h i s t i c a t e d  t echn iques ,  they can be dangerous i f  misused. A p r o p e r l y  

c o n s t r u c t e d  s p e c t r a l  method can  be used t o  o b t a i n  s o l u t i o n s  where o t h e r  

numerical  techniques f a i l .  However, a poor ly  designed s p e c t r a l  method may 

perform much worse than  s i m p l e r  f i n i t e  d i f f e r e n c e  o r  f i n i t e  element 

t echn iques .  We hope t h a t  t h i s  review w i l l  s e r v e  as a u s e f u l  guide t o  t h e  

p r o p e r  implementation of s p e c t r a l  methods. 

1. PSEUDOSPECTRAL FOURIER WETEOD 

I n  o r d e r  t o  set  t h e  framework f o r  t h i s  review,  l e t  u s  b e g i n  by e x p l a i n i n g  

how t o  c o n s t r u c t  p s e u d o s p e c t r a l  approximations.  There are b a s i c a l l y  two s t e p s  

t o  o b t a i n  a numerical  approximation u,(x) t o  a s o l u t i o n  u(x)  of  a 

d i f f e r e n t i a l  equat ion.  F i r s t ,  an  a p p r o p r i a t e  f i n i t e  o r  d i s c r e t e  

r e p r e s e n t a t i o n  o f  t h e  s o l u t i o n  must be  chosen. This may t a k e  t h e  form o f  an  

x j  
i n t e r p o l a t i n g  func t ion  between t h e  v a l u e s  u ( x j )  a t  some s u i t a b l e  p o i n t s  

o r  se r ies  c o e f f i c i e n t s  i n  t h e  f i n i t e  r e p r e s e n t a t i o n  

N 

w i t h  g iven  expansion f u n c t i o n s  +,(XI. The second s t e p  i s  t o  o b t a i n  

e q u a t i o n s  f o r  the d i s c r e t e  v a l u e s  u , ( x ~ )  o r  t h e  c o e f i c i e n t s  ak from t h e  

o r i g i n a l  equat ion.  I n  t h e  case of a d i f f e r e n t i a l  e q u a t i o n ,  t h i s  second s t e p  



involves finding an approximation for the differential operator in terms of 

the grid point values of uN or, equivalently, the expansion coefficients. 

In pseudospectral Fourier approximation, the problem involves periodic 

boundary conditions. Thus, all functions appearing in the problem are 

periodic. Let f(x) be a smoothly differentiable function with period 2n. 

First, we approximate f(x) by the trigonometric polynomial PNf(x) that 

interpolates it at one of the following sets of points 

( j  = 0,***,2N) 

As will be explained be€ow, fast Fourier transforms (FFT) play a key role in 

many applications of spectral methods. Many FFT programs are most efficient 

when 2' points are transformed, which is not compatible with (1.lb). In 

practice, the points (l.la) are most frequently used. This case is discussed 

first. 

given by (l.la) are used, the xj When the collocation points 

approximation PN f(x) has the form 

(1.2) 

where gj(xk) = &jk and gj(x) is a polynomial in the functions sin x, 

cos x of degree at most N. The polynomials gj(x) are given explicitly by 
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x - x  
g.(x) = 2N 1 sin[N(x-x.)]cot j 

3 J 

The fact that gj(x) is a trigonometric polynomial of degree N follows 

from the equivalent representation 

where CR 1( 111 # N), CN = c - ~  = 2 .  Thus we can represent 

as 

j 
2N-1 x - x  
. 1 f(x.)sin[N(x-x.)]cot 2 3 

PN f(x) = - 2' j=o 3 

using (1.3) or as 

2N-1 N i!€(x-x .) 
J c -  

j = O  

using ( 1 . 4 ) .  Defining 

j 
2N-1 - iRx 

a = -  1 f(x.>e 
R 2Ncg j=o 1 

(1.6) becomes 

iRx N 

!€=-N 
pN f = 1 age . 

PNf(x) either 

(1.5) 

(1.7) 

( 1 . 8 )  

When applying the pseudospectral Fourier method, either the explicit 

interpolatory formula (1.51, or the complex-Fourier representation (1.7) - 

(1 .8 )  may be used. 



As outlined above, the next step in the pseudospectral method is to seek 

equations for an approximate solution uN to a differential equation whose 

exact solution is u. The crucial step here is to obtain values for the 
k d uN(x> 

in terms of the values xj at the collocation points k derivatives 
dx 

u (x.). This is done pseudospectrally in two formally equivalent, but N J  

computat ionally distinct, ways. 

One way is simply to differentiate ( 1 . 5 )  and to evaluate the resulting 

xj expression at the points 

dk gn(x.) + 
k d u,(x.) 2N-1 

= 1 UN(Xn) k = (dk ulj 
n=O dx k dx 

(1.9) 

where Dk is an 2N x 2N matrix with elements 

k d gn(x.) 

dx 
= 3 

k ('k) j, n 

ClllU u L S  LlLC L u L u l l l l I  V C L L V A  

Expl ic.i t ly , 
x - x  j n 

2 
1 (-l)j+n c o t  
2 

0 

j # n  

j = n  
(1 . l o )  



6 

2 

j = n  

(1.11) 

More generally 
k Dk = (D1) (1.12) 

which easily follows from (1.3) and the properties of gj(x). Also, since 

D1 is a real, antisymmetric matrix we note that D2k is a real, symmetric 

matrix while D2k+l is a real, antisymmetric matrix. 

Computationally, the evaluation of derivatives using (1.9) - (1.12) 
9 involves the multiplication of an 2N-component vector u by an 2N x 2N 

matrix, Dk, which typically requires O(N2) arithmetic operations. However, 

since the matrix product is actually a convolutional sum, it is possible to 

use the FFT to evaluate (1.9) - (1.12) in only order N log N operations if 

N is a highly composite integer (like 2p or 3s). Nevertheless direct matrix 

mulitplication can be quite efficient if N is not too large or a highly 

parallel computer is used. 

On the other hand, it is also possible to evaluate derivatives using 

(1.7) - (1.8). Indeed, (1.8) gives 

(1.13) 

where an is given by (1.7). In this approach, an is first evaluated by 

(1.7) and then derivatives at xj are evaluated by (1.13). If N is a 

highly composite integer, the two discrete Fourier transforms (1.7) and (1.13) 
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can be efficiently evaluated by the FFT algorithm in O(N log N) operations. 

Thus, evaluation of derivatives requires just two FFTs together with the 

complex multiplication by ( i d k  in (1.13). 

The above discussion concentrated on the use of the points xj given by 

c 

'j (1.1a). Now we summarize the results for the sets of points yj and 

given by (1 .lb) and (1 .IC), respectively. The trigonometric polynomial QN 

f(x) that interpolates the periodic function f(x) at the collocation points 

x = yj (j = 0,***,2N) is given by 

. 

2 N  
QN f(x) = 1 f(y.)h.(x) 

j = O  J J  

where 

hj(x) = sin[(N + -)(x-yj)] 1 1 
2N+1 2 X-Y: 

sin J 2 

The kth derivative of QNf at the point yj is 

where 

In particular 

(1.14) 

(Dl)j,n = 1 (-l)j+* 
Yj - Yn 

2 sin 
j f n  

(1.15) 
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Moreover, s i n c e  h j ( x )  can be  r e p r e s e n t e d  as 

w e  o b t a i n  

so  

With t h e  p o i n t s  z j  d e f i n e d  i n  ( 1 . 1 ~ )  t h e  t r i g o n o m e t r i c  i n t e r p o l a n t  is  

g iven  by (1.5) with z j  r e p l a c i n g  x j .  E q u i v a l e n t l y ,  (1.7) - (1.8) h o l d s  

w i t h  t h i s  mod i f i ca t ion .  

Some examples t o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of  the p s e u d o s p e c t r a l  F o u r i e r  

method follow: 

Example 1: 

Consider  the l i n e a r  e q u a t i o n  

Lu Z u + f ( x ) u x  + g ( x ) u  = h ( x ) ,  xx ( 1  . l8>  

w i t h  2 v p e r i o d i c  boundary c o n d i t i o n s .  The p s e u d o s p e c t r a l  F o u r i e r  e q u a t i o n s  

f o r  t h e  approximation uN based on t h e  p o i n t s  x j  i n  (1.1a) are  

(1.16) 

(1.17) 
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( j  = 0,***,2N-1)  (1.19) 

The a l g e b r a i c  system (1.19) may be so lved  e i t h e r  d i r e c t l y  by i n v e r t i n g  

t h e  2N x 2N m a t r i x  LN o r  i n d i r e c t l y  by t h e  s p e c t r a l  i t e r a t i o n  method 

exp la ined  i n  S e c t i o n  8 .3 .  

Example 2 :  

Consider  t h e  n o n l i n e a r  hype rbo l i c  e q u a t i o n  

1 2  u = -  ( u  I x  t 2  (1.20) 

wi th  2 ~ p e r i o d i c  boundary cond i t ions .  The p s e u d o s p e c t r a l  approximat ion  us ing  

t h e  p o i n t s  x j  i s  g iven  e x p l i c i t l y  by 

x - x  a U N  - 1 1 j n - (x . )  - - 
a t  J .  4 n=O 

2N 

2 c o t  (1.21) 

A s u i t a b l e  time marching 

2N o r d i n a r y  d i f f e r e n t i a l  

2. APPROXIMATION TEEORY 

I n  t h i s  s e c t i o n  w e  

nf j 

technique  should be used t o  s o l v e  t h i s  system of 

e q u a t i o n s  in  t (see S e c t i o n  8.2) .  

FOR PERIODIC FUNCTIONS 

d i s c u s s  var ious  r e s u l t s  about  t he  q u a l i t y  of t h e  

F o u r i e r  approximations d e s c r i b e d  i n  Sec t ion  1. S ince  we are i n t e r e s t e d  i n  t h e  

a p p l i c a t i o n  of t h e  pseudospec t r a l  method t o  d i f f e r e n t i a l  equa t ions  i t  is of 

i n t e r e s t  t o  de te rmine  how good the. approximat ion  is ,  n o t  only f o r  t h e  
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s o l u t i o n ,  b u t  a l s o  f o r  i t s  d e r i v a t i v e s .  The approximation r e s u l t s  f o r  t h e  

p s e u d o s p e c t r a l  Four i e r  method t u r n  o u t  t o  be ve ry  s i m i l a r  t o  G a l e r k i n  

approx ima t ions  based on F o u r i e r  se r ies  ( o f t e n  c a l l e d  s p e c t r a l  approx ima t ions ) ,  

so we review both k inds  of r e s u l t s  and p o i n t  ou t  t h e  r e l a t i o n  between them 

here.  

I f  u i s  a p e r i o d i c  f u n c t i o n  w i t h  p con t inuous ,  p e r i o d i c  d e r i v a t i v e s ,  

t h e n  u can be expanded i n  a F o u r i e r  s e r i e s  o f  t h e  form 

u(x)  = (2.1) 

The s p e c t r a l  (Ga le rk in )  approximation t o  u i s  g iven  by 

k=-N 

which should be c o n t r a s t e d  t o  t h e  p s e u d o s p e c t r a l  ( c o l l o c a t i o n )  approximation 

( 1 . 7 )  - (1.8).  

For  each q, t h e  fo l lowing  q u a n t i t i e s  a re  de f ined :  

( 2 . 3 )  

The q u a n t i t y  def ined i n  (2.3) i s  t h e  norm o f  t h e  q t h  d e r i v a t i v e  of u,  whereas 

the  norm defined in ( 2 . 4 )  measures t h e  magnitude of  u and i t s  f i r s t  q 

d e r i v a t i v e s  . 
I n  theorem (2.1) we quo te  t h e  p r i n c i p a l  approximation theo ry  r e s u l t  f o r  

t h e  s p e c t r a l  (Galerkin)  F o u r i e r  method (2.2) ( s e e  Canuto and Q u a r t e r o n i  
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[ 1982b] and r e f e r e n c e s  c i t e d  t h e r e i n )  : 

. THEOREM 2.1 For any 0 < q < p, t h e r e  e x i s t s  a c o n s t a n t  C 

independent of N and u such t h a t  

Nu - u l  < C Nq" I u I p  . 
N q  

(2 .5 ) .  

Theorem 2.1 i m p l i e s  t h a t  i f  u h a s  p d e r i v a t i v e s ,  and t h e  d e r i v a t i v e s  o f  
A 

PN u (up t o  q t h  o r d e r )  approximate those o f  u. 

A t  t h i s  s t a g e  i t  i s  i n t e r e s t i n g  t o  compare t h e  s p e c t r a l  F o u r i e r  

approximation P u d e f i n e d  by (2.2) t o  t h e  p s e u d o s p e c t r a l  F o u r i e r  
A 

N 

approx ima t ion  PN u g iven  by (1.7) - (1 .8) .  From (1.7) 

S u b s t i t u t i n g  f o r  u ( x j )  from (2.1) i n t o  (2.6) g i v e s  

Now u s i n g  t h e  i d e n t i t y  

2N-1 i(k-R)x 0 k-ll f 2nN n i n t e g e r  
j =  

2 N  k-R = 2nN 
C e  

j = O  
(2.7) 

we o b t a i n  
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A 

Equat ion (2.8) e s t a b l i s h e s  t h e  r e l a t i o n  between P N  u and P u. I f  u i s  N 

smooth t h e n  a + 0 r a p i d l y  as lkl + 00 so t h e  second term on t h e  r i g h t  s i d e  k 
of (2.8) i s  s m a l l .  

The main approximation theo ry  r e s u l t  f o r  P N  u ( x )  i s  very s i m i l a r  t o  
6 

t h a t  f o r  P u, namely: 
N 

THEOREM 2.2: L e t  p > 1/2 t h e n  f o r  0 < q < p ,  t h e r e  e x i s t s  a c o n s t a n t  

C independent of N and u such t h a t  

(2 .9)  

( s e e  Canuto and Quar t e ron i  [ 1982bl)  . 

Unfor tuna te ly ,  t h e  norm d e f i n e d  i n  (2.4) i s  no t  t h e  most n a t u r a l  one f o r  

t h e  pseudospec t r a l  method. It i s  more conven ien t  t o  measure t h e  approximation 

e r r o r s  i n  u and i t s  d e r i v a t i v e s  a t  t h e  g r i d  p o i n t s  x g i v e n  by ( 1 . l a ) .  

E q u i v a l e n t l y ,  we would l i k e  t o  g e t  a bound on t h e  d i s c r e t e  norm 

j 
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LEMMA 2.3 L e t  f ( x )  b e  of the form 

. 

Then 

2N-1 
f ( x )  = 1 ?k eikx. 

k=-2 N + l  

The proof  invo lves  a s i m p l e  a p p l i c a t i o n  of ( 2 . 7 ) .  Lemma ( 2 . 3 )  p r o v i d e s  t h e  

necessa ry  connec t ion  between ( 2 . 1 0 )  and ( 2 . 3 )  t o  e s t a b l i s h  t h e  fo l lowing  

t he o r e m .  

THEOREM 2.4 L e t  p > 1/2,  then f o r  0 < q < p, t h e r e  e x i s t s  a c o n s t a n t  

C independent of N and u such t h a t  

I I I U  - PN u I I  I < CN"'' 1 ~ 1 , .  ( 2 . 1 1 )  
q 

The e r r o r  estimates given i n  ( 2 . 5 )  and ( 2 . 1 1 )  show t h e  power o f  t h e  

s p e c t r a l  method. The r a t e  o f  dec rease  o f  t h e  e r r o r  w i th  i n c r e a s i n g  N only 

depends on t h e  smoothness of t h e  f u n c t i o n  u be ing  approximated. However, i t  

i s  m i s l e a d i n g  t o  conclude from ( 2 . 5 )  and ( 2 . 1 1 )  t h a t  i f  u i s  not  smooth then  

t h e  approximation P N  u(x )  t o  u(x) i s  poor. I n  many a p p l i c a t i o n s ,  one 

e n c o u n t e r s  f u n c t i o n s  u which a r e  p i ecewise  smooth. To i l l u s t r a t e  what 

happens f o r  such u, l e t  u s  c o n s i d e r  a f u n c t i o n  wi th  a s i n g l e  d i s c o n t i n u i t y  i n  

each  p e r i o d ,  namely 

4 x 1  = x, (1x1 < a) 
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extended periodically in x. The pseudospectral approximation PN u to u 

is given by 

apN u 

ax 
where ak is given by ( 1 . 7 ) .  In general - is a poor approximation to 
&/ax even away from the discontinuity at x = *n. However, if the 

expansion coefficients ak are damped as in 

(2.12) 

then, for suitable choice of p and ko, 

ikx N 

k=-N 
v(x) = 1 bk e 

has the property that av/ax is a good approximation to au/ax away from the 

points of discontinuities (see Figure 1). 

3.  STABILITY AND CONVERGENCE OF PSEUDOSPECTRAL FOURIER HETEODS 

Consider the solution of the time-dependent initial-value problem 

u = Lu (3.1) t 

with initial condition using the pseudospectral Fourier method. 

Here L is a linear differential operator with periodic coefficients. The 

at L u , where 
N N  

p s eud os p e c t r a 1 approximate uN t o U satisfies - = 

uN(t=O) is the trigonometric interpolant of uo and L N  is a finite- 

dimensional approximation to L as explained in Section 1. 

u(t=O) = uo 

a U N  
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. 

The a n a l y s i s  of approximation e r r o r s  g iven  i n  S e c t i o n  2 y i e l d s  e s t i m a t e s  

f o r  t h e  t r u n c a t i o n  e r r o r  

( L  - L ~ ) U  ( 3 . 2 )  

f o r  d i f f e r e n t i a l  o p e r a t o r s  L. It was shown t h a t  (L-LN)u dec reases  r a p i d l y  

wi th  N a t  a r a t e  t h a t  depends only on t h e  smoothness of u and t h e  

c o e f f i c i e n t s  of t he  va r ious  d e r i v a t i v e s  appear ing  i n  L. 

I n  a d d i t i o n  t o  t h e  cons i s t ency  p r o p e r t i e s  of a numerical  method, t h e  

method must be s t a b l e  t o  be u s e f u l .  A scheme is  s a i d  t o  be s t a b l e  i f  

( 3 . 3 )  

f o r  some a p p r o p r i a t e  norm. Here C may depend on T,  bu t  no t  on N .  The 

- importance of s t a b i l i t y  d e r i v e s  from t h e  Lax Equivalence Theorem, which 

i m p l i e s  t h a t  if ( 3 . 3 )  i s  s a t i s f i e d  and (L-LN)u + 0 a s  N + i n  t he  same 

norm a s  ( 3 . 3 1 ,  then  uN converges t o  u: 

nu-u n + o N ( 3 . 4 )  

I n  o t h e r  words, s t a b i l i t y  ( 3 . 3 )  and cons i s t ency  [(L-LN)u + 03 i m p l y  

convergence. 

I n  t h i s  s e c t i o n ?  we review some r e s u l t s  about  t h e  s t a b i l i t y  and 

convergence of t he  pseudospec t r a l  Fourier  method f o r  hype rbo l i c  and p a r a b o l i c  

problems. 
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Cons tan t  C o e f f i c i e n t  Wave Equat ion  

Consider  the problem 

u = u  t X 

u ( O , t )  = u ( 2 n , t )  

(0 < x < 2n) 

(3 .5)  

The pseudospec t r a l  F o u r i e r  approximat ion  can be w r i t t e n  

2N-1 N a U  
a t  1 ( D l ) k , j  u ( x . )  

N J  
- (x,) = 

j= 0 

where t h e  ant isymmetr ic  m a t r i x  D1 is  g iven  by (1.10).  

The s t a b i l i t y  of (3 .6)  can  be  proven by t h e  energy method. There a r e  two 

ways of de r iv ing  t h e  d e s i r e d  energy e s t i m a t e .  One method i s  a l g e b r a i c  i n  

n a t u r e  and uses  the  s t r u c t u r e  of  t h e  m a t r i x  w h i l e  t h e  o t h e r  makes use of D1 

t h e  f a c t  t h a t  t h e  d i f f e r e n t i a l  e q u a t i o n  i s  s a t i s f i e d  e x a c t l y  a t  t h e  

These two t echn iques  are e x t e n s i v e l y  used i n  t h e  c o l l o c a t i o n  poin ts  

t heo ry  of s p e c t r a l  methods so we demonst ra te  them i n  d e t a i l  as a p p l i e d  t o  

e q u a t i o n s  (3.5) - ( 3 . 6 ) .  I n  t h e  f i r s t  case ,  we m u l t i p l y  (3.6) by uN(xk) and 

sum on k, (0 < k < 2N-1) t o  g e t  

x j  

so 
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. 

s i n c e  D1 i s  an ant isymmetr ic  matr ix .  Equat ion  (3.7) imp l i e s  energy 

conse rva t ion  

There fo re  t h e  scheme i s  s t a b l e  i n  t h e  sense  of (3.3) i n  t h e  u s u a l  L2 norm. 

The second method t o  e s t a b l i s h  s t a b i l i t y  i s  based on the  f a c t  t h a t  (3.5) 

x j  i s  s a t i s f i e d  a t  t he  p o i n t s  

There f o r e ,  

(3.10) 

The r i g h t  s i d e  of (3.10) is  a t r i gonomet r i c  polynomial of degree  2 N - 1 ,  so  

Lemma 2.3 g i v e s  

and (3.8) ho lds .  

S i m i l a r  arguments demonstrate  s t a b i l i t y  f o r  t he  problem 

+ + u = A u x  t (3.11) 
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+ 
where A is a diagonalizable m x m matrix and u(x,t) is a vector with 

m components. Using the stability result (3.81, it is straightforward to 

establish an error estimate of the form 

where the norms are as defined in Section 2. 

Variable Coefficient Wave Equation 

Consider the problem 

u(x,o) = uo(x) 

u(0,t) = u(2lT,t) 

(3.13) 

with a(x) 2m-periodic. If a(x) > 0 for 0 < x <’ 27r then the argument 

given above shows that 

and the same staDility and convergence results hold. 

However, if a(x) changes sign in (0,2n), uN(x,t) may grow without 

bound as t + a. The following example (Gottlieb, Orszag and Turkel [1981]) 

illustrates the nature of the instability that may occur. Consider (3.13) 

with 
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a (x )  = a s i n  x + 6 cos  x + y. (3.14) 

. For t h i s  problem one may d e r i v e  two d i f f e r e n t  energy e s t i m a t e s .  

i s  

The f i r s t  one 

t I u p !  < e ' / 2 ( l a l + l ~ l ) t l u ~ ( O ) I  + 2uN(e  (3.15) 

where 

and 
2N-1 

N j =O 
Q = 1 (-1)'  U(Xj,0).  

The second es . t imate  i s  

Equat ions  (3.15) and (3.16) prove s t a b i l i t y ;  however the  cons t an t  C i n  (3.3) 

involves  exp [ ( I a I + l B l T ) ]  which grows i n  t ime. 

The t r o u b l e  h e r e  i s  t h e  behavior  of t h e  s o l u t i o n  i t s e l f .  I f  a = 1 ,  

B = y = 0 i n  (3.14); then  

X t a n  -11. u ( x , t >  = u [2 t a n - l ( e t  
2 0 

. 
For l a r g e  t ,  t h e  exac t  s o l u t i o n  changes r a p i d l y  nea r  x = 0 so l a r g e  v a l u e s  . 
of  N a r e  r equ i r ed  t o  r e s o l v e  t h i s  s t e e p  g r a d i e n t .  I n  t h e  l i t e r a t u r e  on 

numerical  methods, t h i s  kind of behavior i s  o f t e n  r e f e r r e d  t o  a s  "non l inea r  

i n s t a b i l i t y "  a s  i t  o f t e n  l eads  t o  s p e c t a c u l a r  growth of e r r o r s  i n  a n o n l i n e a r  

I 

problem. The problem here  can be qu i t e  s e r i o u s  i n  p r a c t i c e  but  i t  i s  not  due 
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to lack of stability in the formal sense, but rather to the lack of spatial 

resolution. It can be treated either by refining the mesh as the solution 

develops smaller scales or by treating the region of rapid change as a 

discontinuity (see below). 

Wave Eauation with Discontinuitv 

[1978] and Mercier [1981]. Typically, one has to modify (1.8) by defining 

ikx N 
N 

l a k P k e  
k=-N 

pk = 1, (0 < I-kI < ko) 

If the initial condition uo(x) has a finite number of discontinuities 

in [0,2n] but is otherwise smooth the pseudospectral method is still 

applicable if some smoothing procedure is used, see Majda, McDonough and Osher 

(3.1 7) 

where 

depending only 
cs,q 

It may be shown that, for any q, there is a constant 

on u(t), (0 < t < T) such that 

(0 < t < T). ( 3  -18) 

Moreover, if the modification (3.17) is applied to the spectral representation 

of uo(x>, 

N 
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t h e n  t h e  ra te  of convergence of uN t o  u i s  a r b i t r a r i l y  f a s t  i n  any compact 

r e g i o n  i n  which u ( x , t )  i s  smooth. T h i s  shows t h a t  t h e  high-order  accuracy 

of t h e  p s e u d o s p e c t r a l  method h o l d s  even f o r  nonsmooth problems (Osher ( t h i s  

volume) 1. 

e 

Nonl inea r  Equat ions 

It i s  p o s s i b l e  t o  f i n d  energy e s t i m a t e s  f o r  p s e u d o s p e c t r a l  approximations 

t o  n o n l i n e a r  equa t ions .  For example, c o n s i d e r  t h e  i n v i s c i d  Burger’s e q u a t i o n  

(1.20) w i t h  i n i t i a l  c o n d i t i o n  u(x,O) = uo(x) .  The p s e u d o s p e c t r a l  

approximation (1.21) does no t  conserve energy b u t  t h i s  p r o p e r t y  can be  

r ecove red  by r e w r i t i n g  (1.20) as 

2 1 u = h u )  + - u u .  t 3  x 3 x  (3.19) 

The p s e u d o s p e c t r a l  approximation t o  (3.19) i s  g iven  by 

M u l t i p l y i n g  by uN(xk) and summing on k g i v e s  

s i n c e  Dl i s  ant isymmetr ic .  Thus, s t a b i l i t y  i s  ensured f o r  t h i s  

p s e u d o s p e c t r a l  scheme. 

It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  procedure d e s c r i b e d  above t o  prove 

s t a b i l i t y  may be a p p l i e d  t o  t h e  Euler  e q u a t i o n s  of g a s  dynamics. It is  known, 

( s e e  Har t en  [1983al and Tadmor [1983]) ,  t h a t  t h e  E u l e r  e q u a t i o n s  can be 
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expres sed  i n  t h e  form 

+ 
where v i s  a three-component v e c t o r ,  and H(S) and A(;) are 3 x 3 

symmetric ma t r i ces .  Also,  H(C) i s  p o s i t i v e  d e f i n i t e  and H and A s a t i s f y  

( 3 . 2 2 )  

(See  Harten [1983a] f o r  t h e  e x p l i c i t  formulas f o r  H and A.) Using ( 3 . 2 2 )  

one rewrite (3 .21 )  as 

( 3 . 2 3 )  

For t h i s  form of t h e  E u l e r  e q u a t i o n s ,  i t  fo l lows  e a s i l y  t h a t  

which impl i e s  s t a b i l i t y  i n  t h e  norm induced by H. 

( 3 . 2 4 )  



. 
0 

Heat Equation 

Consider the problem 

u 'U t xx 

u(0,t) = u(2'R,t) 

(0 < x < 27T) 

(3 -25) 

u(x,o) = u,(x). 

The pseudospectral Fourier approximation is 

2N-1 
- a UN (x,) = 1 (D2)k,j uN(xj>. at j = O  

Then 

2 
(k = 0,00*,2N-1) rk at x = x  = -  2 k N  

aU a UN 
at ax 

N -  - - -  

so that 

a 2 UN(xk) 2N-1 N r 2N-1 aU 
'R 1 uN(xk) 2 

k=O k=O ax 

2 ' ~  a 2 u 2'R aUN 2 
= J  u - d x =  - I (jy) dx 0, 

o ax2 0 

proving the stability of this pseudospectral approximation. 

(3.26) 
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4. PSEUDOSPECTRAL CEEBYSEEV METHOD 

When a func t ion  f ( x )  i s  no t  p e r i o d i c ,  a t r i g o n o m e t r i c  i n t e r p o l a t i o n  

polynomial does not provide a good enough approximation t o  y i e l d  a c c u r a t e  

approximations t o  t h e  d e r i v a t i v e s  o f  f ( x ) .  It i s  b e t t e r  t o  approximate f ( x )  

by polynomials  i n  X. However, i t  i s  w e l l  known t h a t  t h e  Lagrange 

i n t e r p o l a t i o n  polynomial based on e q u a l l y  spaced p o i n t s  does no t  g i v e  a 

s a t i s f a c t o r y  approximation t o  g e n e r a l  smooth f .  I n  f a c t ,  as t h e  number o f  

c o l l o c a t i o n  p o i n t s  i n c r e a s e ,  i n t e r p o l a n t  polynomials t y p i c a l l y  d i v e r g e .  T h i s  

poor b e h a v i o r  of polynomial i n t e r p o l a t i o n  can  be avoided f o r  smoothly 

d i f f e r e n t i a b l e  f u n c t i o n s  by removing t h e  r e s t r i c t i o n  t o  e q u a l l y  spaced 

c o l l o c a t i o n  po in t s .  Good r e s u l t s  a r e  ob ta ined  by r e l a t i n g  t h e  c o l l o c a t i o n  

p o i n t s  t o  t h e  s t r u c t u r e  of c l a s s i ca l  o r thogona l  polynomials ,  l i k e  Chebyshev o r  

Legendre polynomials. 

I n  t h e  most common p s e u d o s p e c t r a l  Chebyshev method, t h e  i n t e r p o l a t i o n  

p o i n t s  i n  t h e  i n t e r v a l  (-1,l) are chosen t o  be t h e  extrema 

x = c o s  Li j N ( 4  . i )  

o f  t h e  Nth o rde r  Chebyshev polynomials 

of d e g r e e  n i s  de f ined  by 

TN(x) .  Here t h e  Chebyshev polynomial 

It fo l lows  t h a t  

( 4 . 3 )  

which i n d i c a t e s  a c l o s e  r e l a t i o n  between t h e  p s e u d o s p e c t r a l  Chebyshev and t h e  
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. 

pseudospectral Fourier method. 

at the point x 

In order to construct the interpolant of f(x) 

- - - 
with c = c - - 2, cj = 1, (1 C j C N-1). It is readily verified that 

0 N 

g.(x,) = 6jk. 
3 

The Nth degree interpolation polynomial, PN f(x), to f(x) is given by 

N 

j=O 
PN f(x) = 1 f(x.1 g.(x). 

J J  

A different way of representing PN f(x) is to use the identity 

Thus, 

where 

(4.5) 

N f(x .)Tn(x 3 .) 
2 1 1  3 - a I-- 

n N -  c j=b C 
n j 

(4.7) 
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It should be noted that the coefficients an 

the FFT. I n  fact, using ( 4 . 3 )  in ( 4 . 7 )  gives 

in ( 4 . 7 )  can be evaluated using 

( 4 . 8 )  

The second step in getting a pseudospectral approximation is to express 

the derivations of pN f in terms of  f(x) at the collocation points xj. 

This can be done by differentiating either ( 4 . 5 )  or ( 4 . 6 ) .  With ( 4 . 5 )  we 

obtain 

so that 

where 

For example 

dp PN f(x) N 

d xp j= 0 dxp 

dp PN f(xk) N 
= 1 f(xj)(Dp)k,j 

dxp j = O  

and 

D = ( D 1 l p .  
P 

( 4  . l o )  

( 4 . 1 1 )  

( 4 . 9 )  

( 4 . 1 2 )  

. 

( 4 . 1 3 )  
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It should be noted from the explicit formula (4.12) that the matrix D1 is 

not antisymmetric; also D2 is not symmetric. These facts introduce both 

theoretical and practical difficulties in the pseudospectral Chebyshev method. 

A different way to obtain an expression for the derivative of PN f is c 

b to differentiate (4.6) to get 

where the coefficients an are given by (4.7). For example, 

d P N f  N N 
= 1 an Tk(x) = 1 bn Tn(x) 

n= 0 n=O dx 

where 

bN = 0, bN-l = 2N aN 

and 
- 
c b = b + 2(n+l)an+l. n n n+2 

(4.15) 

(0 < n < N - 2 ) .  (4.16) 

In evaluating the first derivative at the collocation points 

used to evaluate an by (4.8) and then 
xj the FFT is 

More generally 

nn j N d - P f(x.) = 1 b COS - dx N 3 n=o n N 

P d !P, f )  N 
= 1 n Tn(x) 

d xp n= 0 
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- (p-1) c n n  b ( p )  = b:; + 2 ( 1 1 + l b ) ~ + ~  . 
w i t h  

(p-1) 
bkP) = 0,bk:; = 2NbN . (4.17) 

The s e t  o f  p o i n t s  x d e f i n e d  i n  (4.1) i s  n o t  t h e  only se t  used wi th  

p s e u d o s p e c t r a l  Chebyshev approximations.  For  h y p e r b o l i c  problems, a 

conven ien t  a l t e r n a t i v e  s e t  of c o l l o c a t i o n  p o i n t s  i s  

j 

( j  = o,*--,N). (4.18) .rrj = cos - ’j N+ 1 

The i n t e r p o l a t i o n  polynomial a t  t h e  p o i n t s  y j  i s  of deg ree  N and is  g iven  

N 

j = O  
Q, f = 1 f ( y . ) h . ( x )  

J J  

where 

Upon d i f f e r e n t i a t i o n ,  w e  o b t a i n  

where 

( k  = O,**- ,N)  

(4.19) 

(4.20) 
. 
. 



and D 1  is  g iven  by ( 4 . 1 2 ) .  

It i s  c l e a r  from. ( 4 . 4 )  and ( 4 . 1 9 )  t h a t ,  f o r  every  f u n c t i o n  f ( x ) ,  

( - 1  < x < 1 1 ,  

( 1  + Q ,  f ( x )  = p N + l  t (l+x) f (  X I  I .  

Moreover, if QN f ( x )  i s  expanded i n  terms of Chebyshev polynomia ls ,  

N - 
Q, f = 1 a n  T,(x) , 

n=O 
( 4 . 2 1 )  

t h e r e  i s  a s imple  r e l a t i o n  between {Gn} and {a,} de f ined  i n  ( 4 . 7 )  with  

N + N + 1 .  In  f a c t ,  

a 
Q N  f = Q N ( P N + l  f )  = P ~ + ~  f + - N+l ( l -x )T i+ l  ( x )  N+ 1 

so,  r e c a l l i n g  the  d e r i v a t i o n  of  ( 4 . 6 )  - ( 4 . 7 1 ,  

- n+N+1 a a = a + 2 ( - 1 )  
N+ 1 n n ( 1  < n < N ) .  

( 4 . 2 2 )  

( 4 . 2 3 )  

Equat ion  ( 4 . 2 3 )  shows t h a t  FFT techniques  can a l s o  be used wi th  the  s e t  of 

p o i n t s  Y j .  

The o t h e r  two sets  of p o i n t s  t h a t  a r e  sometimes used a r e  

and 

( 4 . 2 4 )  

( 4 . 2 5 )  
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5-  APPROXIMATIOlV THEORY OF TEE PSEUDOSPECTRAL CEEBYSHEV METHOD 

f and 

d e f i n e d  i n  Sec t ion  4, we i n t r o d u c e  t h e  norms 

I n  o r d e r  t o  measure t h e  approximat ion  e r r o r  between 

g t h  These norms a r e  u s e f u l  s i n c e  we are i n t e r e s t e d  i n  a p p l y i  

'N 

(5.1) 

( 5 . 2 )  

The d i f f e r e n c e  between ( 5 . 3 )  and ( 2 . 8 )  should be  noted.  Each d e r i v a t i v e  on 

t h e  l e f t  s i d e  of ( 5 . 3 )  i n t r o d u c e s  a new f a c t o r  o f  . N 2  i n  t h e  e r r o r  e s t i m a t e  

r a t h e r  t han  t h e  f a c t o r  N appea r ing  i n  ( 2 . 8 ) .  

As b e f o r e ,  t h e  norms de f ined  i n  ( 5 . 1 )  and ( 5 . 2 )  should be modi f ied  i n  

o r d e r  t o  r e f l e c t  t h e  e r r o r s  a t  t h e  c o l l o c a t i o n  p o i n t s .  To do t h i s ,  we use  t h e  

f ol lowing two lemmas : 

_ _ _ _ ~  ~~ 

pseudos- c t r a l  

method t o  t h e  s o l u t i o n  of d i f f e r e n t i a l  e q u a t i o n s  and hence we need t o  measure 

t h e  e r r o r  between t h e  d e r i v a t i v e s  of t h e  s o l u t i o n  and those  of  t h e  

a ppr  ox ima t ion. 

The main approximation r e s u l t  i s  summarized i n  t h e  fo l lowing  theorem. 

THEOREM 5.1 L e t  f ( x )  be  a f u n c t i o n  wi th  s cont inuous  d e r i v a t i v e s  

and l e t  PN f be def ined  a s  i n  S e c t i o n  4 .  Then, t h e r e  i s  a c o n s t a n t  C 

independent  of  f ( x )  and N such t h a t  4 
\ 

( 5 . 3 )  
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1 

LEMMA 5.2 (see Rivlin [1974]): Let g(x) be a polynomial of degree 

2N - 1 and let x = cos nj/N, (j = O,.*.,N). Then, 
j 

- - - 
where c = c = 2, cj = 1, (1 < j < N-1). 0 N 

LEMMA 5.3 Let f(x) be a polynomial of degree N then 

dx. f2(x) N f2(x.) 
( 2 1  f dx < - 1 - 

j=o c j -l I-r-7 

(5.4) 

( 5  - 5 )  

2 This lemma is proven using Lemma 5 . 2  after representing f (x) as a mixture 

of TZN(x) plus a polynomial of degree 2N - 1. Using Lemma 5.3 we get the 

following error estimate. 

Then 

THEOREH 5.4 Let 

11 fn s, 2q-s aRh(x.) 2 
f ( R J )  < C N  

R=O j-0 ax 

where C is independent of f and N. 

When f(x) is discontinuous a t  one ( o r  a finite number) of points, we 

can still obtain a good approximation for the derivative far away from the 

discontinuity. In order to'do so, we modify the expression for PN f as in 
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where 

Pn = 1 

I n  F i g u r e  2 w e  p l o t  t h e  d e r i v a t i v e  of a s t e p  f u n c t i o n  wi th  and wi thou t  t h e  

smoothing descr ibed i n  (5.7) - (5 .8) .  

6. STABILITY AND CONVERGENCE OF. PSEUDOSPECTRAL CHEBYSBEV HETBODS 

In  t h i s  s e c t i o n  we review some r e s u l t s  concerning t h e  s t a b i l i t y  and 

convergence of  the p s e u d o s p e c t r a l  Chebyshev method. The most common way t o  

prove s t a b i l i t y  i s  t o  ‘ u s e  energy e s t i m a t e s  s i m i l a r  t o  those  used t o  

demons t r a t e  t h e  well-posedness o f  t h e  d i f f e r e n t i a l  equa t ion .  This approach i s  

not s y s t e m a t i c ;  one has t o  guess  a s u i t a b l e  norm i n  which t h e  energy i s  

bounded. An a l t e r n a t i v e  approach i s  t o  s o l v e  e x p l i c i t l y  t h e  e q u a t i o n  f o r  t h e  

e r r o r  and then  t o  v e r i f y  s t a b i l i t y .  Th i s  approach t o  t h e  a n a l y s i s  of s p e c t r a l  

methods was introduced by Dubiner i n  unpubl ished work t h a t  i s  reviewed i n  t h e  

Appendix. 
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R e s u l t s  for P a r a b o l i c  Equat ions  

Consider  t h e  e q u a t i o n  

U(X,O)  = u o ( x ) ,  a ( x )  > a. > 0. 

The pseudospec t r a l  Chebyshev approximation u ( x , t )  

polynomial  i n  x t h a t  s a t i s f i e s  

i s  an  Nth degree  

2 
T j  ( x '  x E COS - 0 < j < N) N a U  a U  

ax  
- -  

N '  
- a ( x )  - 

2 j ax 

UN(--1,t) = g ( t > ,  u N ( l ,  t )  = h( t )  . 

U 

( 6 . 2 )  

The s t a b i l i t y  of t h i s  method is e a s i l y  demonstrated by a n  energy argument. I n  

f a c t  (6.2) g i v e s  ( w i t h  g Z h E 0) 

V Then, Lemma (5.2) i m p l i e s  t h a t  

(6 .4)  

The r i g h t  s i d e  of ( 6 . 4 )  i s  non-posi t ive ( s e e  G o t t l i e b  and Orszag [1977] ,  p .  

82)  so  t h a t  
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The s t a b i l i t y  of t h e  scheme (6.2) g i v e s  t h e  fo l lowing  e r r o r  estimate:  

Theorem 6.1 (Canuto and Q u a r t e r o n i  [1981] ) :  L e t  u > l / 2 ,  s > u + 2 ,  

0 < t < T, and suppose t h a t  u ( x , t )  h a s  s s p a t i a l  d e r i v a t i v e s ,  then t h e r e  

is a c o n s t a n t  C independent o f  u and N such t h a t  

V 

A s i m i l a r  proof may be a p p l i e d  t o  (6.1) when t h e  boundary c o n d i t i o n s  a r e  of 

Neumann type ,  i.e., u x ( & l , t )  are given.  For t h e  Neumann problem we g e t  t h e  

f ol lowing s t a b i l i t y  e s t i m a t e .  

TEEOREN 6.2: L e t  uN(x, t )  be t h e  p s e u d o s p e c t r a l  Chebyshev 

approx ima t ion  t o  the  s o l u t i o n  u of (6.1) ( w i t h  a ( x )  = 1)  and boundary 

c o n d i t i o n s  u x ( * l , t )  = 0. Suppose t h a t  uN h a s  a Chebyshev expansion of t h e  

f o m  
N- 1 

n=O 
u ( x , t )  = 1 w T (x )  + wN(t )TN(x) .  k k  N 

Then, 
1 d 

d t  -1 
2 2  (”” ax ( x , t ) ) 2  dx + N w N ( t ) ]  < 0.  

Note t h a t  t h e  norm used i n  ( 6 . 6 )  d i f f e r s  from t h e  one used i n  ( 6 . 5 ) .  L 

I f  a ( x >  2 1 and g ( t )  = h ( t )  = 0) then i t  i s  p o s s i b l e  t o  g a i n  more 

i n f o r m a t i o n  about t h e  p s e u d o s p e c t r a l  Chebyshev approximation t o  (6.1) by 



e x p l i c i t l y  s tudying  the  e i g e n v e c t o r s  and e igenva lues  of t h e  f i n i t e - d i m e n s i o n a l  

p seudospec t r a l  approximation. S ince  uN(x ,  t )  i s  a polynomial of degree  N 

i n  x so i s  E N ( x , t )  def ined  by 

Moreover, s i n c e  E N ( x , t )  vanishes  a t  the  p o i n t s  x j  (which a r e  t h e  r o o t s  of  

T i ) ,  i t  fo l lows  t h a t  

A A 

f o r  a p p r o p r i a t e  f u n c t i o n s  A( t ) ,  B( t )  . Assume t h a t  

A A t  * A t  Then A( t )  = Ae , B( t )  = B e  so v,(x) s a t i s f i e s  

The re fo re  

where 

and 

35 

( 6 . 9 )  
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! 

We assume f o r  s i m p l i c i t y  t h a t  N i s  even and t h e r e f o r e  +,(x,X) i s  an odd 

f u n c t i o n  of x and xN(x,X) is an even f u n c t i o n  of x. For t h e  D i r i c h l e t  

problem wi th  homogeneous boundary c o n d i t i o n s  t h e  e i g e n v a l u e s  X are ob ta ined  

by s o l v i n g  

+ N ( l , X >  XN(l,X) = 0. (6.11) 

Upon s e t t i n g  p = - 1 i t  fo l lows  t h a t  +N i s  a polynomial of degree  - N 1  - X '  2 

i n  I.I whi le  xN is a polynomial of deg ree  - i n  I.I. It has been shown 

( G o t t l i e b  and Lustman [1982]) t h a t  the  r o o t s  of + (1, -1 a r e  r e a l ,  n e g a t i v e ,  

2 
1 

N u  

The re fo re ,  (6.11) y i e l d s  N - 1 and d i s t i n c t  as a r e  those of xN(l, -1. u 
r e a l ,  n e g a t i v e ,  and d i s t i n c t  e igenva lues  which i s  t h e  r e q u i r e d  number of r o o t s  

s i n c e  t h e r e  a r e  N - 1 i n t e r i o r  p o i n t s  i n  the scheme. 

1 

I n  conclus ion  we have now e x p l i c i t l y  N - 1 e i g e n f u n c t i o n s  

where X1 , ,AN a r e  the  r o o t s  of +N(l,X) and vl,*.*,vN a r e  those  of - 
2 1 - -  

X,(l,X). 2 

Consider  now t h e  more g e n e r a l  c a s e  of boundary c o n d i t i o n s  

(6.13) 

yu(-1) + 6ux(-1) = 0. 

There a r e  as yet  no s t a b i l i t y  p roof s  f o r  the  p s e u d o s p e c t r a l  Chebyshev method 

f o r  (6.1) with (6.13). The d i f f i c u l t y  i n  f i n d i n g  an energy e s t i m a t e  i s  t h a t  

t h e  norm used f o r  D i r i c h l e t  boundary c o n d i t i o n s  i s  d i f f e r e n t  from t h a t  used 

. 
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. 

f o r  Neumann boundary c o n d i t i o n s .  However, i t  i s  s t i l l  p o s s i b l e  t o  f i n d  t h e  

e i g e n v a l u e s  and e i g e n v e c t o r s  f o r  t h i s  problem. As a m a t t e r  of f a c t  t h e  

e igenva lues  are g iven  by the  r o o t s  of t h e  polynomial e q u a t i o n  "i 

It may be shown t h a t  t h e  r o o t s  n i ( i  = l , * e * , N - l )  of (6.14) a r e  r e a l ,  

n e g a t i v e ,  and d i s t i n c t  i f  a and 8 a r e  of the  same s i g n -  

The r e s u l t s  f o r  the  e igenva lue  a n a l y s i s  i n d i c a t e  t h a t ,  € o r  f ixed  number 

of mesh p o i n t s  N, the  pseudospec t ra l  approximat ion  converges t o  a s t e a d y  

s t a t e  a s  t + + a s  does the  a n a l y t i c  s o l u t i o n  t o  (6 .1) .  The a n a l y s i s  does 

n o t  prove convergence of uN t o  u a s  N i n c r e a s e s .  However, i t  i s  

impor tan t  t o  know the  s t r u c t u r e  of the e i g e n v a l u e s  and e i g e n v e c t o r s  t o  f u l l y  

unders tand  t h e  behav io r  of t h e  approximation. 

R e s u l t s  f o r  S c a l a r  Hyperbolic Problems 

Let us  s t a r t  by c o n s i d e r i n g  the s c a l a r  e q u a t i o n  

(6.15) 

For t h i s  simple equa t ion  a l l  the methods d e s c r i b e d  i n  S e c t i o n  4 a r e  

a p p l i c a b l e .  We s h a l l  review here t h e  theo ry  f o r  the  p s e u d o s p e c t r a l  

approximat ion  based on the  p o i n t s  yj d e f i n e d  i n  (4.18).  The use  of o t h e r  

p o i n t s  w i l l  be d i s c u s s e d  l a t e r .  
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L e t  uN be the  p s e u d o s p e c t r a l  Chebyshev approximation t o  u ,  t hen  uN 

s a t i s f i e s  

( 6 . 1 6 )  

UN(X,0) = P N  f ( d .  

Then t h e  fol lowing i n e q u a l i t y  h o l d s  ( G o t t l i e b  [1981])  

which g-ives t h e  fol lowing e r r o r  estimate: 

2 ( l + u ) - s  N 
t ) I 2  < CN 

n 

(6.17) 

(6.18) 

where u >l /2  and s > 2 ( l + a ) ,  s i s  t h e  number of d e r i v a t i v e s  possessed by 

t h e  i n i t i a l  cond i t ions  and the  c o n s t a n t  C i s  independent of u and N. 

S i m i l a r  r e s u l t s  hold f o r  t h e  p o i n t s  z , z ( 2 )  d e f i n e d  i n  (4.24). 

U n f o r t u n a t e l y ,  t he re  i s  s t i l l  no estimate of t h e  form (6.17) and (6.18) f o r  

t h e  s e t  of p o i n t s  xj d e f i n e d  i n  (4.1) which i s  t h e  s e t  most commonly used i n  

a p p l i c a t i o n s .  

I f  t h e  d i f f e r e n t i a l  e q u a t i o n  i s  o f  t h e  s l i g h t l y  more g e n e r a l  form 

j j 

u = c ( x >  ux (1x1 < 11, t 
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where c ( x )  does not  change s i g n  i n  t h e  domain, t h e  above r e s u l t s  s t i l l  

hold .  The c a s e  i n  which c ( x )  changes s i g n  i n t r o d u c e s  some d i f f i c u l t y .  The 

fo l lowing  examples i l l u s t r a t e  t h e  kinds of  problems t h a t  may a r i s e .  Consider  

t h e  two e q u a t i o n s  

u = xu (1x1 < 1 )  

u(x ,o)  = f ( x )  

u ( 1 , t )  = f ( e  1, u ( - l , t )  = f ( -e  1, 

t X 

t t 

(6.19) 

whose a n a l y t i c  s o l u t i o n  i s  u ( x , t )  = f ( x e t ) ,  and 

u = -  xu (1x1 < 1 )  t X 

u (x ,o)  = f ( x ) ,  

(6.20) 

w i t h  s o l u t i o n  u = f(xe’t). The pseudospec t r a l  Chebyshev approximation t o  

both  problems has  been shown t o  be s t a b l e  ( G o t t l i e b  [1981] ) .  However, t h e r e  

i s  a n o t i c a b l e  d i f f e r e n c e  between the behav io r  of t h e  e r r o r  f o r  (6.19) and 

(6.20).  .For (6.191, t h e r e  i s  s i g n i f i c a n t  l o s s  of  accuracy  a s  t i n c r e a s e s .  

T h i s  i s  due t o  t h e  f a c t  t h a t  t h e  g r a d i e n t  of t h e  s o l u t i o n  grows wi th  t i m e  a s  

e and, t h e r e f o r e ,  wi th  f ixed  number of  g r i d  p o i n t s ,  t h e  numer ica l  

approximat ion  can no t  r e s o l v e  t h e  s t eep  g r a d i e n t s .  T h i s  phenomenon does no t  

occur  when (6.20) i s  so lved .  

When t h e  d i f f e r e n t i a l  equa t ion  be ing  so lved  i s  n o n l i n e a r ,  behav io r  
c 

s i m i l a r  t o  t h a t  encountered f o r  (6.19) may occur  i n  t h e  numer ica l  

approximat ion ,  except  now t h e  s o l u t i o n  may d i v e r g e  e x p l o s i v e l y  i n  a f i n i t e  

t i m e  r a t h e r  than  having j u s t  g radual  l o s s  of  accuracy  i n  t i m e .  Smoothing, 

done by c u t t i n g  high modes, should be  a p p l i e d  i n  t h e s e  c a s e s  t o  avoid such 

” n o n l i n e a r  i n s t a b i l i t i e s ” .  
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R e s u l t s  f o r  Systems o f  Hyperbol ic  Equa t ions  

Consider  the  symmetric 2 x 2 system 

(6.21) 

For such a non-diagonal system, t h e  p o i n t s  are no t  e a s i l y  

a p p l i c a b l e .  Therefore ,  we s h a l l  d i s c u s s  t h e  p s e u d o s p e c t r a l  method f o r  t h e  s e t  

o f  c o l l o c a t i o n  p o i n t s  ( S i m i l a r  r e s u l t s  hold 

f o r  t h e  p o i n t s  yj . )  Assume t h a t  u and v are  known a t  some time tl  and 

t h a t  we would l i k e  t o  advance t o  t h e  t i m e  l e v e l  F i r s t ,  we g e t  t h e  v a l u e  

o f  ux( x ,  t l )  and vx( x ,  t , )  by t h e  p s e u d o s p e c t r a l  procedure d e s c r i b e d  i n  

S e c t i o n  4. Then w e  m u l t i p l y  by t h e  m a t r i x  ( 1 :2 '2) and advance i n  t i m e  t o  t2. 

This  a l g o r i t h m  g ives  v a l u e s  f o r  u and v a t  t h e  t i m e  t2 a t  each o f  t h e  

c o l l o c a t i o n  po in t s  x j ,  which we s h a l l  deno te  by u c ( x j ,  t 2 )  and v C ( x j ,  t 2 ) .  

Then we s e t  

z j  ( 1 )  , z j  (2 )  

x = c o s  7 , ( j  = o , * * * , N ) .  
j 

t2. 

C 
u(x , t  = u ( X j , t 2 )  ( j  = l , * * * , N - l )  

j 2  

( j  = O , O * O  , N) 
C v ( x  , t a l  = v ( X j , t 2 >  

u ( - l , t 2 )  = f ( t 2 ) ,  u ( - l , t 2 )  = g ( t 2 ) .  

j 

~~~ ~~~ 

(6.22) 



41 

It turns out that the pseudospectral method just described is unstable, 

although the differential equation is well posed.. Instead of (6.22), improved 

boundary conditions may be shown to lead to a stable scheme. The form of 

these conditions is suggested by using characteristic variables which are, in 

this example, u + v on the characteristic dxldt = - 3 1 2  and u - v on the 

incoming Characteristic should be specified at x = -1 whereas u + v at 

x = -1 is carried out on an outgoing characteristic and should be determined 

by the time-marching scheme. Similarly u + v should be given at x = 1 

while u - v at x = -1 should be given by the time-marching scheme. The 

procedure described by ( 6 . 2 2 )  is unstable because it uses the numerical scheme 

(at x = -1) to find v rather than u + v. The scheme is stabilized by 

requiring that u + v at x = -1 and u - v at x = 1 have.the values 

computed by the time-marching scheme from the previous time level, even aftr 

imposition of the boundary conditions on u(fl,t2). Thus ( 6 . 2 2 )  is replaced 

C u(x ,t2) = u (Xj,t2) ( j  = l,---,N-l) 
j 

V(Xj,t2) = v C (Xj,t2) 

( 6 . 2 3 )  

U(XN,t2) + V(XN,t2) = u C (XN,t2) + v C (XN,t2)’ 

In general when a hyperbolic system of equations is solved one should use 

the time-marching scheme to determine the boundary values of the outgoing 

characteristic variables. This procedure yields stable results. Applications 

to multi-dimensional problems are given by Gottlieb, Lustman & Streett, (this 

volume). 
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Eigenvalues and Eigenvectors for Hyperbolic Equations 

As in the case of  parabolic equations it is possible to find explicitly 

the eigenvectors and the characteristic equations for the Chebyshev 

approximations to (6.16). Let uN denote the approximation to the solution 

of (6.16) based on the points xj and let vN denote the approximations 

based on the points yj. Then uN and vN satisfy exactly 

aUN au (l+x)T$ 
- = -  N + T  
at ax 2 N2 

( 6 . 2 4 )  

At A 
- 

for suitable T, T. Assuming that uN e uN, vN = ept :N and 

substituting into ( 6 . 2 4 1 ,  one obtains 

A 

(1 +x> Ti aUN ax X u N + a - -  2 N  

A 

A 

- =  6 + 1  N av 

ax l J V N + B - -  , ? 

for suitable a, B. Therefore 

( 6 . 2 5 )  

( 6 . 2 6 )  

where X and p are determined by the eigenvalue conditions 



A l l  t h e  e igenva lues  s a t i s f y  Re X < 0 ,  Re l.t < 0. 

7-  OTHER POLYNOMIAL EXPANSIONS 

Although most of the  a c t u a l  computations wi th  s p e c t r a l  methods invo lve  

expans ion  wi th  t r i g o n o m e t r i c  funct ion and Chebyshev polynomia ls ,  t h e r e  a r e  

o t h e r  b a s i s  f u n c t i o n s  t h a t  a r e  c u r r e n t l y  be ing  used. Here we b r i e f l y  review 

some of those methods. 

Legendre Polynomials 

An a t t r a c t i v e  a l t e r n a t i v e  t o  Chebyshev polynomial expans ions  i s  Legendre 

polynomial expansions.  It s u f f i c e s  t o  e x p l a i n  how t o  c o n s t r u c t  a 

p s e u d o s p e c t r a l  Legendre polynomial approximation t o  a d e r i v a t i v e .  

L e t  x = -1, xN = 1, and l e t  x i , ( i  = l , * * * , N - l )  be the  r o o t s  of 
0 

qk'x),  where qN(x)  i s  the  Legendre polynomial of degree  N. Given t h e  

v a l u e s  of any f u n c t i o n  f ( x )  a t  the p o i n t s  x ( j  = O,***,N) ,  we c o n s t r u c t  

the  i n t e r p o l a t i n g  polynomials 
j 

N 

where 
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w i t h  

a = N ( N + ~ ) .  ' 
N 

There f o r e  

For example 

( D I I k k  = 0 

( 7 . 3 )  

(k  f 0, k f N ) .  

The d i f f e r e n c e  between t h e  Chebyshev and Legendre methods i s  ev iden t  he re .  

The m a t r i x  D1 for Legendre polynomials i s  n e a r l y  an t i symmet r i c ,  i n  c o n t r a s t  

t o  t h e  Chebyshev m a t r i x  g iven  i n  ( 4 . 1 2 ) .  

By the  same method, we o b t a i n  

1 N 
( D 2 1 j j  = - - 2 

1 - x .  
3 

1 < k, . j  < N - 1 ,  
k f  j 

1 < j < N - 1 .  ( 7  - 4 )  

= A S A - l ,  where A i s  a d i a g o n a l  m a t r i x  and S i s  D2 
This  shows t h a t  

symmetric. 

The following r e s u l t  i n d i c a t e s  t h a t  t h e  accu racy  of Legendre 

approximat ion  i s  comparable wi th  t h e  accuracy of Chebyshev approximat ions :  



. 

THEOREM 7.1: L e t  f ( x )  

2 ' d'f 2 
d e f i n e  If!  = 1 I (7) 

RzO -1 dx 

have u smooth d e r i v a  i v e s  f o r  1x1 C 1, and 

dx. Then t h e r e  i s  a c o n s t a n t  C independent  

of. f ( x )  and N such t h a t ,  

S t a b i l i t y  r e s u l t s  a r e  much e a s i e r  t o  o b t a i n  h e r e  than  wi th  Chebyshev . 

approximation.  For example, cons ider  t h e  pseudospec t r a l  Legendre method for 

t h e  approximation of 

u = u  t X 

u ( l , t )  = 0 

(1x1 < l ) . .  

From (7.3) i t  fol lows t h a t  

1 (DI Ik j  uN(xj)uN(xk)  
N N  2 u ( x ) =  1 1 N 1 d  

2 N k  k=O j-0 [qN(xk)]  dt k=O [ q N ( \ ) ]  
- -  c 

showing s t a b i l i t y .  

A s i m i l a r  proof holds  f o r  pa rabo l i c  equa t ions .  
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Jacob i Po lynom i a 1 s 

An interesting use of a different set of expansion functions was 

suggested by Wray & Leonard [1982] for the case of three-dimensional flow in a 

pipe. The velocity vector u is expanded -b 

( 7  -8) 
-c (r) exp(ikx + ia0). -b 

u(r,B,x,t) = am,k,r(t) %n,k,R 
n,k, 

+ The vector X(r) is expressed in terms of qt where 

R where gn(y) is the shifted Jacobi polynomial 

+ With this choice of basis function, one gets the correct behavior of u as 

r -c 0. Moreover, since ( a )  satisfy the orthogonality condition qn 

one gets simple expressions for the derivatives. For example, one can show I 
that 



8.  TIHE DISCRETIZATION AND ITERATIVE METBODS 

8.1 Time Discretization 

One of the major difficulties in the application of spectral methods to 

flow problems is time marching methods. We may divide flow problems into 

three categories. First, we have problems in which we are interested only in 

steady state solutions. These problems require a time marching technique 

which may be inaccurate, but should converge fast to the steady state 

solution.. Discussion of these methods will be given in Subsection 8.3. The 

second class of problems are those in which the temporal behavior of the 

- 

solution occurs on a much slower scale than the spatial one. Here it is 

reasonable to use low-order accurate finite difference schemes in order to 

advance the solution in time. The problem that one faces here is that 

spectral methods require severe time-step limitations when an explicit time 

marching technique is applied. In addressing this problem, Gottlieb and 

Turkel [1980] suggested a second-order in time, unconditionally stable 

scheme. This scheme seems to perform satisfactorily for Fourier methods but 

their success in the case of Chebyshev methods is still questionable. For 

parabolic problems the modification of the DuFort-Frankel scheme was suggested 

by Gottlieb and Gustafsson [1976], Gottlieb and Lustman [1981], and has been 

later investigated by Funaro [1983a]. 

The third class of flow problems involves phenomena in which the temporal 

and spatial evolution occur on the same scale. It is still possible to use 

finite differencing techniques for time marching but the time-step must be 

small. Another alternative is to use spectral discretization in time; however 

this approach usually leads to a very large and complicated set of 

equations. Morchoisne [1979] suggested to simplify the set of equations thus 

obtained by using the idea of approximate factorization. Several other 

methods are discussed by Deville, et al. [1981]. 
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8 . 2 .  Time-stepping Methods for Incompressible Flow Problems 

'Here, we survey time-stepping methods and boundary condition procedures 

for incompressible Navier-Stokes equations which are incompletely parabolic 

and time singular. The equations are 

$4 = 0 ("x E D), 

( 8 . 1 )  

( 8 . 2 )  

+ +  + where v(x,t) is the velocity field at x,t, p(z,t) is the pressure, v is 

the kinematic viscosity and ?(:,t) is an external force. The (constant) 

density is assumed to be 1 .  If the boundaries of the region D in which the 

flow satisfying ( 8 . 1 )  - ( 8 . 2 )  occurs are stationary, then for v > 0, the 
appropriate boundary conditions are the no-slip conditions 

+ +  v(x,t) = 0 (': e a D ) .  ( 8 . 3 )  

The pressure in ( 8 . 1 )  may be considered a Lagrange multiplier that 

ensures satisfaction of the (kinematical) . incompressibility constraint (8.2) 

everywhere in D. The most obvious way to obtain an equation for p is to 

take the divergence of ( 8 . 1 )  and apply ( 8 . 2 ) ,  which gives the Poisson equation 

(g e D). ( 8 . 4 )  

A warning of possible trouble in the numerical solution is given when boundary 

conditions for ( 8 . 4 )  are sought (Orszag and Israeli [ 1 9 7 4 ] ) .  Applying ( 8 . 3 )  

to ( 8 . 1 )  gives 



$ = "V2G + 1 

+ 
so both Dirichlet and Neumann conditions for p are available if v is 

known. In numerical integrations of (8.1) - ( 8 . 3 1 ,  it is not obvious which of 

these boundary conditions to use. 

The ambiguity regarding boundary conditions on p can be avoided if the 

pressure is eliminated from ( 8 . 1 )  - ( 8 . 3 ) .  Applying the operator 

?x( $x.. .) to ( 8 . 1  1 gives, using (8 .21 ,  

(g E D). ( 8 . 6 )  

For flow in a plane channel, implicit time-stepping of the linear terms in 

( 8 . 6 )  gives a fourth-order equation for the component v of v in the 

direction n of the normal to the channel walls. The boundary conditions on 

vn are v = avn/an = 0. Once v, is known, the other components of v 

are obtained using incompressibility and the equation for the component of 

vorticity in the direction n. The numerical implementation of this scheme 

is discussed in Appendix I1 of Orszag and Patera [ 1 9 8 3 ] .  

-* 

+ 

+ 
n 

+ 

A one-dimensional linear model that embodies the essential features of 

the incompressibility and viscous terms of the Navier-Stokes equations is 

obtained by considering a solution to the two-dimensional Stokes equations of 

the form 
W 

for some real wavenumber k. Further details of the following analyses are 

given by Orszag, Israeli and Deville [ 1 9 8 3 ] .  The equations satisfied by 

(u,v,p) are 
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2 ikp  + u(u  - k u) a U  

a t  YY 
- = -  

av iku  + - =  0 ,  
a Y  

f o r  -1 < y < 1. The boundary c o n d i t i o n s  a r e  

u ( * l ; t )  = v ( * l , t )  = 0 ,  

which s i m u l a t e  r i g i d  no - s l ip  boundary c o n d i t i o n s .  I n  g e n e r a l  t h ree -  

dimensional  geometr ies ,  t h e  equa t ions  a r e  coupled and a r e  not  e a s i l y  so lved .  

The s o l u t i o n  t o  an i n i t i a l - v a l u e  problem f o r  (8.7) - (8.8) can be expressed i n  

terms of normal modes, f o r  which 

wi th  symmetric modes 

o r  ant isymmetr ic  modes 

C(y) = s i n  < s i n h  ky - s i n h  k s i n  i y. 

Here 

(8.10) 

(8.11) . 

(8.12) 

s a t i s f i e s  t h e  eigenvalue r e l a t i o n s  



- 
k tanh k = - p t a n  (8.13) 

f o r  (8.10) and 

, 

- 
k co th  k = 1.1 c o t  (8.14) 

f o r  (8.11).  These eigenmodes a r e  complete on t h e  i n t e r v a l  lyl < 1. 

Here we o u t l i n e  s e v e r a l  schemes for t h e  s o l u t i o n  of (8.71, (8.8) i n  which 

t ime t i s  d i s c r e t i z e d  by d i f f e r e n c e s  b u t  space x i s  d i s c r e t i z e d  

s p e c t r a l l y  . 

Scheme I: F u l l  I m p l i c i t  T i m e  D i f f e renc ing  

The system (8.7) - (8.8) i s  approximated by backwards Eu le r  t ime 

d i f f e r e n c i n g :  

2 n+l n n+ 1 - 
A t  

= ikpn+l + u(D2 - k )U U 

(8.15) 

where t h e  s u p e r s c r i p t  index n i n d i c a t e s  time l e v e l  nAt and D i n d i c a t e s  a 

s p e c t r a l  -y d e r i v a t i v e .  It fol lows t h a t  

(8.16) i k  Dvn k2 n 
A t  

- -  2 2 n+l 
A t  ' - k )  u = - -  2 n+l - k )u - u(D2 1 - (D2 A t  

* 
w i t h  ,n+l = Dun+l = 0 a t  y = k l .  It may be shown t h a t  t h i s  scheme i s  

s t a b l e  and s p e c t r a l l y  a c c u r a t e  i n  y and f i r s t  o r d e r  i n  A t .  Methods t o  

s o l v e  (8.16) f o r  t h e  s p e c t r a l  r e p r e s e n t a t i o n  of  un+' a r e  g iven  i n  Orszag, 

I s r a e l i  and D e v i l l e  [1983].  Higher o r d e r  r e s u l t s  i n  A t  a r e  e a s i l y  ob ta ined  

by u s i n g  h i g h e r  o r d e r  t i m e  d i f f e r e n c i n g  methods. 
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Scheme 11: Implicit Time Splitting 

Here the time-differencing scheme involves two split (or fractional) 

time-steps (Orszag and Kells [1980]). The first steps involves solution of 

the inviscid equations 
* * n u - u  = - ikp 

At 

* * n v - v  = Dp At 

* * 
iku + Dv = 0 

f o r  lyl < 1 with boundary condition 

* 
u = o  (y = *l). 

The second step involves the solution of the viscous equations 

* 
2 n+l n+ 1 

= v(D2 - k )u U - u  
At 

* 
V - v  2 2 n+l n+ 1 

= v(D - k )V At 

for lyl < 1 with boundary conditions 

n+ 1 n+ 1 
U = v  = o  (y = i l l .  

(8.17) 

In this scheme, un and vn do not satisfy the incompressibility constraint 

(8.2), although the intermediate variables u and v do. In comparison * * 

with Scheme I, Scheme I1 has the advantage of only involving the solution of 
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c 

. 

second-order Helmholtz (or Poisson) equations. In general geometries, it 

offers significant simplifications compared to unsplit schemes. However, 

Scheme I1 suffers from large time-stepping errors if vAt is large; these can 

only be removed at considerable computational expense by extrapolation (see 

Orszag, Israeli and Deville 119831). 

It is by no means obvious that Scheme I1 has solutions consistent (and 

convergent) to the solutions of the Stokes equations. For example, it follows 

from (8.17) and the boundary conditions that 

* 
Dp = 0 (y = *l), 

but (8.7) gives 

(y = *l), 
2 Dp =: VD u 

which is, in general, not vanishing. It seems that there is an O(1) error 

in Dp as At + 0 at y = fl. Nevertheless, Orszag, Israeli and Deville 

119831 shows that, away from the boundaries y = kl, the global error 

estimates 

un(y> - u(y,nAt) - ul(y)At + O(At3l2). (8.19) 

vn(y) - v(y,nAt) - vl(y)At + O(At3/2) (8.20) 

(8.21) 

hold for fixed y with Iyl .< 1 as At + 0, where ul,vl,pl are finite 

functions of y. Near the boundaries y = kl, the error estimates (8.19), 

(8.20) hold together with 
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Dun(y) - Du(y,nAt) = O(At l/2 ) 

2 n  2 
D u ( y )  - D u(y,nAt)  = O(1) 

2 n  2 l/2 ) D v - D v(y,nAt)  = O(At 

pn(y) - p(y,nAt)  = 0(At1I2 

f o r  

i s  t h i s  r eg ion .  

l y l  - 1 = O((uAt) 1'2 ) ,  while  t h e  e r r o r  i n  Dp i s ,  as noted above, O(1) 

Scheme 111: Boundary-Divergence-Free I m p l i c i t  Time S p l i t t i n g  

Marcus, Orszag and P a t e r a  [1982] and Marcus [1983] use a m o d i f i c a t i o n  of 

Scheme I1 t h a t  removes much of t h e  boundary e r r o r s  analyzed above. The i d e a  

i s  t h a t  s p l i t t i n g  e r r o r  induces l a r g e  boundary e r r o r s  because a l a r g e  

d ive rgence  o f  ( u , v )  develops nea r  t h e  boundar i e s  lyl  = 1 on the  v i s c o u s  

s t e p .  The modified method i s  based on t h e  o b s e r v a t i o n  t h a t  t h e  normal flow 

boundary c o n d i t i o n  v = 0 i s  a p p l i e d  twice . e a c h  t ime-step i n  Scheme I1 so 

t h a t  by r e l a x i n g  t h e s e  c o n d i t i o n s  on v i t  may be p o s s i b l e  t o  reduce t h e  

e r r o r  i n  t h e  boundary d ive rgence .  The modif ied scheme i s  g iven  by d ropp ing  

V* = 0 a t  y = k1 i n  f a v o r  o f  t h e  c o n d i t i o n  

(8.22) n+ 1 
ikun+' + D v = 0 ( y  = * l ) ,  

while  a p p l y i n g  (8 .17)  and (8.18).  Thus, normal flow i s  allowed a t  t h e  

boundary d u r i n g  t h e  i n v i s c i d  p r e s s u r e  s t e p  i n  o r d e r  t o  ensu re  t h a t  (8.22) 

ho lds .  Analysis  o f  t h i s  modif ied scheme shows t h a t  i t  is  uniformly f i r s t  
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* 

o r d e r  i n  A t  as a f u n c t i o n  of y,  wh i l e  h ighe r -o rde r  t i m e  d i f f e r e n c i n g  

methods (e.g., Crank-Nicolson d i f f e r e n c i n g )  l e a d s  t o  co r re spond ing ly  h ighe r -  

o r d e r  r e s u l t s .  However, i n  more than two space dimensions,  l a r g e  m a t r i x  

i n v e r s i o n s  a r e  r e q u i r e d  by t h i s  method. 

8 . 3 .  I t e r a t i v e  Methods 

The system of a l g e b r a i c  equa t ions  which r e s u l t s  from a p s e u d o s p e c t r a l  

approximation t o  e l l i p t i c  problems or e v o l u t i o n  problems ( w i t h  i m p l i c i t  t ime 

d i s c r e t i z a t i o n )  may be w r i t t e n  a s  

L(u) = f ( 8 . 2 3 )  

where L i s  an o p e r a t o r ,  p o s s i b l y  non l inea r ,  f i s  a known v e c t o r ,  and u i s  

the  approximate s o l u t i o n .  As shown i n  S e c t i o n s  2 and 4 ,  even i n  the  l i n e a r  

c a s e  t h e  m a t r i c e s  which r e p r e s e n t  the o p e r a t o r  a r e  f u l l  and a r e  d i f f i c u l t  t o  

i n v e r t  d i r e c t l y .  Var ious  b a s i c  i t e r a t i v e  schemes which a r e  a v a i l a b l e  t o  s o l v e  

( 8 . 2 3 )  can be d i scussed  w i t h i n  the framework of  t h e  d e f e c t  c o r r e c t i o n  

procedure .  Suppose t h e r e  i s  a s p a r s e ,  e f f i c i e n t l y  i n v e r t i b l e  m a t r i x  H which 

approximates  t h e  Jacobian  JL of  L. Let  un be  a guess  f o r  a s o l u t i o n  u 

of  ( 8 . 2 3 ) .  Taylor  expansion about un g i v e s  

0 = L(u) - f 

n 2  
= L(un) - f + J L ( u  - un) + O([-u - u ] ) 

- L(un) - f + H(u - u n 1. - 

Thus, t h e  s i m p l e s t  d e f e c t  c o r r e c t i o n  i t e r a t i v e  scheme 
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H( un+l ) = H(un) - ( L ( u 9  - f l  7 

( 8 . 2 4 )  

o r  

The v a r i o u s  i t e r a t i v e  methods d i f f e r  i n  the  cho ice  of t h e  p r e c o n d i t i o n i n g  

o p e r a t o r  H. For i n s t a n c e ,  i n  t h e  case  of J a c o b i ' s  method, H i s  t h e  

d i agona l  of i s  t h e  lower t r i a n g u l a r  

p a r t  of J L  (Hageman and Young [ 1 9 8 1 ] ) .  

JL, and f o r  the  Gauss-Seidel method, H 

Morchoisne [1979] has a p p l i e d  t h e  p s e u d o s p e c t r a l  method i n  space and t ime 

t o  the  unsteady two-dimensional Navier-Stokes e q u a t i o n s  - i n  the  form of a 

f o u r t h  o r d e r  equat ion  i n  the s t ream f u n c t i o n .  He used f o r  a p r e c o n d i t i o n i n g  

o p e r a t o r  t h e  approximate f a c t o r i z a t i o n  of t h e  Navier-Stokes o p e r a t o r .  More 

s p e c i f i c a l l y ,  the o p e r a t o r s  L and H were de f ined  a s  i n  the  usua l  n o t a t i o n  

w i t h  A V 2 

with 

and 

[-1,1] x [-1,ll x [O,Tl, and H yy yx yt where 

q - - ( l + E - )  1 a 
a t  

E n a  

n a  a L  a L  
a x  

Yx= (1 + & u  - -  E V - - ) ( l  - n  -+ -2 ".- ax 



The nonsta ionary analogue of the basic iterative scheme (8.241, i 

preconditioned Richardson's method 
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the 

U n+l = un - a H-1 [L(un) f l ,  (8.25) n 

which has faster convergence. The convergence rate can further be accelerated 

by applying polynomial acceleration (Hageman and Young [1981]) to (8.24): 

n+ 1 n -1 n- 1 
U = w n u - an U ~ H  (~(u~) - f) + (1 - w 2 u  

This is usually called a nonstationary second degree iterative scheme and it 

includes Chebyshev and conjugate gradient methods (Hageman and Young [1981]). 

Orszag [ 19801 discusses the Richardson, Chebyshev and conjugate gradient 

iterative schemes in the linear case, and suggests that the preconditioning 

operator H should be a suitably chosen, low-order finite-difference 

approximation HFD to L. For a differential equation dominated by second 

derivative terms, Orszag [1980] shows that 

-1 m < Ln < M, 

with m = 1 and M - 2.5. is unbounded if L is a 

first derivative operator and HFDt a central difference approximation. In 

order to keep bounded in this case, it is necessary to have more 

degrees of freedom (grid points) for HFD than for L, and then to modify 

suitably higher frequencies in the spectral approximation. An alternate 

Unfortunately, NHii LN 

!Hi; LN 

remedy is discussed in Hussaini and Zang (this volume) where a semi-implicit 

Fourier-Chebyshev pseudospectral method of solution (involving a finite 
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difference preconditioning) is described for solving the unsteady two- 

dimensional incompressible Navier-Stokes equations. 

In multi-dimensional problems it may prove expensive to evaluate the 

inverse of HFD. Efficiently invertible approximate versions of HFD such as 

approximate factorizations and incomplete LU decomposition of HFD are the 

obvious choices. As noted earlier Morchoisne [1979] used approximate 

factorization for the Navier-Stokes equations. Zang, et al. [1982 J and Wong, 

et al. [1983] discuss several types of LU decompositions. Application of 

these preconditioning operators is typically far less expensive than the 

spectral evaluation of the residue. Thus, there is a large payoff for 

improving the effectiveness of the preconditioning and in using iterative 

schemes with better convergence rates. 

The minimum residual (MR) method (Wong, et al. [1983]) is a robust 

parameter-free scheme. The only requirement for convergence is that all the 

eigenvalues of H-lL be strictly in the right half of the complex plane. It 

can be put in the form of the classical Richardson iterative scheme (8.3) 

where 
n n  - - (r ,LV 

(L?,L?) OLn 

-1 n v n = ~  r .  

Figure 3 shows the convergence history of MR solutions to this Chebyshev 

pseudospectral approximation to the two-dimensional Poisson’s equation with 

Dirichlet boundary conditions (Wong, et al. [1983]). The labels A and B 

refer to different LU decompositions; the labe I indicates no 

preconditioning. 
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S p e c t r a l  m u l t i g r i d  methods a r e  ve ry  much i n  t h e  i n i t i a l  s t a g e s  of  

development. The work of Zang, et a l .  [1982] and Hussa in i  and Zang ( t h i s  

volume) s u g g e s t s  t h a t  m u l t i g r i d  procedures which have s i g n i f i c a n t l y  improved 

t h e  r a t e s  of convergence f o r  f i n i t e  d i f f e r e n c e  and f i n i t e  element methods, may 

do e q u a l l y  w e l l  i n  t h e  c a s e  of s p e c t r a l  methods. A glimpse of t h i s  promise i s  

seen  i n  Table I which compares the convergence h i s t o r y  of Richardson‘s 

i t e r a t i o n  on a s i n g l e  g r i d  wi th  t h a t  of  m u l t i g r i d  wi th  Richardson’s r e l a x a t i o n  

f o r  smoothing f o r  Poisson’s  equat ion  wi th  p e r i o d i c  boundary c o n d i t i o n s .  

F u r t h e r  r e s u l t s  a r e  r e p o r t e d  i n  Zang, e t  a l .  [1983]. 

Table I. RHS Residual 

Re l axa  t ion Single  Grid Mu1 t i g  r i d  

3 2.73 (1) 1.82 (7) 

6 2.08 (1) 2.42 (-1) 
9 1.63 (1) 6.35 ( - 3 )  

12 1.31 (1) 4.56 ( - 4 )  

15 1,07 (1) 8.30 (-5) 

9.  INCOMPRESSIBLE FLOWS 

9.1 Three-dimensional Numerical Algorithms 

The s p e c t r a l  s i m u l a t i o n  of viscous incompress ib l e  ( e x t e r n a l  and i n t e r n a l )  

flows up t o  1974 were reviewed by Orszag and I s r a e l i  [1974]. We p r e s e n t  h e r e  

a d e t a i l e d  d e s c r i p t i o n  of a s p e c t r a l  a lgo r i thm f o r  the  s o l u t i o n  of t h e  Navier- 

Stokes e q u a t i o n s  (8.4) i n  the  case  of th ree-d imens iona l  p lane  shea r  flows. 

The p h y s i c a l  domain f o r  t h e s e  flows ex tends  t o  i n f i n i t y  i n  the  h o r i z o n t a l  
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directions and is assumed periodic in those directions; in the vertical 

direction, the flow is either confined between two parallel rigid walls 

IYI < 1 (plane channel flow) or bounded by a wall on the one side and 

extends to infinity in the other direction (boundary layer flow). In this 
+ 

case, it is natural to expand the flow field v = (u,v,w) in Fourier series 

in x and z, and Chebyshev polynomials in y. 

0 < x < L1, 0 < z < L2 and Tk(y) denotes the kth where a = - , 
degree Chebyshev polynomial. The solution techniques of Orszag and Kells 

27r 2lT $ = -  
L2 L1 

[1980], Moin and Kim [1980] and Kleiser and Schumann (this volume) uses the 

Adams-Bashforth method for time discretization and are essentially similar 

except for the different treatment of the incompressibility condition. Orszag 

and Kells employ a three-level fractional time-step in which the divergence- 

free condition of the flow field is satisfied at the second fractional step. 

Moin and Kim solve the continuity equation directly along with the momentum 

equations. Kleiser and Schumann use an influence matrix technique. 

The first fractional step in Orszag and Kells [1980] algorithm is 

A 

A A A 

+n- 1 +n+l - ;n 
V = 2 Fn - 1 Fn" - - k uU(Y)[V At 2 2 2 x  

where U(y) is the mean velocity. This result9 from solving the advection 

part rewritten as 

by applying the Crank-Nicolson scheme on the left side and Adams-bash forth 

- .  
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scheme on the right. The nonlinear terms 3 = ( G  x V x c )  are computed using 

the pseudospectral. method. No boundary conditions are applied at this stage. 

The second fractional step consists of 

A 
A A 

+n+l 
V 

A 

A 

+n+ 1 v . v  = 0, 

A 

where 'II is the total pressure. The impermeability conditions 

v = O  at y = * 1  

are imposed at this stage. The third fractional step includes the viscous 

effects and the no-slip boundary conditions 

+n+ 1 
V = 0 at y = *l. 

In summary, this algorithm consists of a spectral tau method with the 

nonlinear terms computed by pseudospectral method. It has a global error of 

order ()(At2 + vAt) in time discretization. The time-steps are formally 

restricted only by the convective limit of the perturbed velocity field. 

2 +  Moin and Kim [1980] use the Crank-Nicolson method on VP and V v, and 

Adams-Bashforth on the remaining terms: 
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+n+ 1 v * v  = 0 ,  

where $ = - and $ = x (V x G ) .  F o u r i e r  t r ans fo rming  t h e  above 

equa t ions  i n  x and z g i v e s  

vAt 

N 

N 

%+I 1 p + l  = + 2+ 
R - -  - -  a [ A  + (k2 X Y  + k 2 ) ]  v 2 

a Y 2  
(9.1) 

where 

For  every  p a i r  of  wave numbers kx and k, t h e r e  i s  a l i n e a r  system of four  

o rd ina ry  d i f f e r e n t i a l  equa t ions  f o r  n"+', vn+ l ,  wn+' and Pn". The y- 

d e r i v a t i v e s  i n  the  above system a r e  approximated by e i t h e r  c e n t r a l  d i f f e r e n c e s  

o r  Chebyshev s p e c t r a l  approximations.  Both cases y i e l d  a b lock  t r i d i a g o n a l  

m a t r i x  o p e r a t o r  which is  i n v e r t e d  by c o n v e n t i o n a l  methods. 

Although Moin and K i m  [1980] d i s c u s s e d  a n  a 1 g ) r i t h m  wi th  Chebyshev 

polynomials  i n  the v e r t i c a l  d i r e c t i o n ,  a l l  of t h e i r  pub l i shed  r e s u l t s  t h u s  f a r  

have used an  a l t e r n a t i v e  a lgo r i thm which employs f i n i t e  d i f f e r e n c e s  i n  t h e  

v e r t i c a l  d i r e c t i o n  but  r e t a i n s  t h e  F o u r i e r  s p e c t r a l  r e p r e s e n t a t i o n  i n  t h e  

h o r i z o n t a l  d i r e c t i o n .  
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The a lgo r i thm of Kleiser and Schumann [1980] d i f f e r s  from t h a t  of Moin 

and K i m  [1980] i n  t h e  s o l u t i o n  o f  equa t ions  t9.1).  I n s t e a d  of u s ing  the  

b lock- t r id i agona l  ma t r ix  i n v e r s i o n  method, K l e i s e r  and Schumann ( t h i s  volume) 

o b t a i n  the  s o l u t i o n  of t h i s  system s o l v i n g  a sequence of one-dimensional 

s c a l a r  Helmholtz equa t ions  of t h e  type 

N 

Use of t h e  i n f l u e n c e  ma t r ix  technique (Buzbee, e t  a l .  [ 1 9 7 1 ] )  y i e l d s  p r e s s u r e  

boundary c o n d i t i o n s  which ensure  divergence f r e e  s o l u t i o n  w i t h i n  round-off 

e r r o r s .  

L ike  M o b  and K i m ,  Way and Hussa in i  [1980] a l s o  employ c e n t r a l -  

d i f f e r e n c e  d i s c r e t i z a t i o n  i n  the  v e r t i c a l  d i r e c t i o n .  However, they addres s  

boundary layer r a t h e r  than  channel  flow. The boundary l a y e r  is  assumed t o  be 

' p a r a l l e l ' ,  and a key p a r t  of t h e i r  approach is t o  t r e a t  t h e  mean flow a s  t h e  

s o l u t i o n  of t h e  d i f f u s i o n  equa t ion  

with t h e  B l a s i u s  p r o f i l e  a s  t h e  i n i t i a l  cond i t ion .  The numerical  method i s  

only u t i l i z e d  t o  c a l c u l a t e  t he  p e r t u r b a t i o n s  from t h i s  p r o f i l e .  A second 

major d i f f e r e n c e  i s  the  use  of four th-order  Runge-Kutta t ime d i s c r e t i z a t i o n .  

They a l s o  s a t i s f y  t h e  d ivergence  f r e e  c o n d i t i o n  w i t h i n  round-off e r r o r s .  

9.2 App l i ca t ion  t o  Hydrodynamic S t a b i l i t y  Theory 

The e igenva lue  problems of hydrodynamic s t a b i l i t y  theory  a r e  o f t e n  very 

d i f f i c u l t  because they involve  the  s o l u t i o n  of nea r ly  s i n g u l a r  boundary va lue  
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problems. For example, t h e  s o l u t i o n s  t o  t h e  Orr-Sommerfeld equa t ion  t h a t  

desc r ibed  the  s t a b i l i t y  of plane p a r a l l e l  shea r  flows t y p i c a l l y  have boundary 

l a y e r s  of t h i ckness  

(a)- 'I3, where R is t h e  Reynolds number and a i s  t h e  streamwise 

* d i s t u r b a n c e  wavenumber. In  t h i s  ca se ,  s p e c t r a l  methods based on polynomial 

expans ions  o f f e r  t he  a t t r a c t i v e  advantage of high boundary r e s o l u t i o n .  A s  

d i scussed  by Orszag and I s r ae l i  11974) and G o t t l i e b  and Orszag [1977], only  

o r d e r  1/J6 polynomials a r e  r equ i r ed  t o  r e s o l v e  a s o l u t i o n  wi th  a boundary 

l a y e r  of t h i ckness  6. This  p rope r ty  a l lows  t h e  a c c u r a t e  s o l u t i o n  of 

hydrodynamic s t a b i l i t y  problems with a minimum of s p a t i a l  degrees  of freedom. 

The g e n e r a l  s t a b i l i t y  a n a l y s i s  code SALLY (Srokowski and Orszag [1977]) is  a 

f l e x i b l e ,  accu ra t e  code f o r  t he  a n a l y s i s  of t h e  s t a b i l i t y  of t h e  boundary 

l a y e r s  on a i r c r a f t .  

( ~ t R ) - ~ ' 2  and an i n t e r n a l  l a y e r  s t r u c t u r e  of t h i c k n e s s  

The key ideas involved i n  the  g e n e r a t i o n  of modern s p e c t r a l  codes f o r  

s t a b i l i t y  a n a l y s i s  a r e  the  use of c o l l o c a t i o n  ( p s e u d o s p e c t r a l )  methods, t h e  

use  of  m a t r i x  a lgebra  f o r  t h e  s e t u p  of  t h e  ma t r ix  equa t ions  t o  be so lved ,  and 

t h e  use of t h e  s p e c t r a l  i t e r a t i o n  method f o r  t he  e f f i c i e n t  s o l u t i o n  of t h e s e  

l a r g e  ma t r ix  equat ions.  The use of m a t r i x  a l g e b r a  i s  p a r t i c u l a r l y  convenient  

when encounter ing  a new problem for t he  f i r s t  t i m e .  Here, a s  we desc r ibed  i n  

P a r t  I, t h e  s p e c t r a l  d e r i v a t i v e  o p e r a t o r s  a r e  r ep resen ted  by m a t r i c e s  D ,  

nonconstant  c o e f f i c i e n t  terms a r e  r ep resen ted  by d i agona l  m a t r i c e s ,  and 

boundary cond i t ions  a r e  imposed by r e p l a c i n g  s u i t a b l e  rows of t h e  m a t r i x .  The 

r e s u l t i - l g  scheme f o r  g e n e r a t i o n  of t h e  s p e c t r a l  d i f f e r e n t i a l  o p e r a t o r  i s  both  

easy  and accura te :  i t  p e r m i t s  t h e  e f f i c i e n t  s o l u t i o n  of a wide v a r i e t y  of 

boundary and eigenvalue problems, e s p e c i a l l y  of  t h e  kind encountered i n  

hydrodynamic s t a b i l i t y  theory .  

- .  * -  _ _ - .  ~ 

- ~~~~~ 
~ 



Thus, the pseudospectral matrix representation of the Orr-Sommerfeld 

equation is simply 

(I - P)B+ = 0 

where 4J is the eigenvector, P is the projection operator onto the interior 

collocation points ( s o  I-P projects onto the boundary), and B is the 

operator representing the boundary conditions. The setup of the matrix 

operator is easily done by algebraic operations applied to the spectral 

derivative matrix D. 

9.3 Applications to Transition and Turbulence 

Spectral methods have proven to be the key element in obtaining basic new 

physical insights in the mechanisms of transition to turbulence. Transition 

is the process in which a flow first becomes chaotic and random. Because 

spectral methods are not subject to phase errors, it is possible to use them 

to follow in detail the nonlinear interaction of waves that would be 

hopelessly diffused by more conventional finite-difference methods. Several 

studies of transition phenomena are noteworthy here. 

Orszag and Kells [1980] studied the transition to turbulence in plane 

channel flows and found that one could achieve good agreement with gross 
1 

experimental features of the flows. In particular, they found that transition 

typically occurs in plane Poiseuille and plane Couette flows at Reynolds 

number of the order of 1000, in agreeement with available experimental 

observations. Their key conclusion, which confirms the experimental 
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observations of Kovasznay, et al. [1962] and Klebanoff, et al. [1962] and 

stressed previously by Stuart [1965] and Tani [1969], is the essentially 

three-dimensional character of transition. In two dimensions, no evidence of 

real fluid chaos was found. 

Wray and Hussaini [1980] studied the transition to turbulence in boundary 

layers and made comparisons' between their numerical flow profiles and 

available experimental data. In this work, the basic flow was taken as 

parallel, assuming that the spatial instability of the laboratory boundary 

layer corresponds to the temporal growth of the numerical boundary layer with 

periodic boundary conditions. Figure 4 from this work show that the events 

which constitute the incipient stages of transition (up to the so-called "two- 

spike" stage) are remarkably similar to the corresponding events observed in 

the laboratory. A similar set of comparisons between laboratory and numerical 

experiments has been made for plane Poiseuille flow by Kleiser and Schumann 

(this volume). 

More recently, Orszag and Patera [1981], Pierrehumbert and Widnall 

[ 1982 1 ,  Herbert [ 19831 and Brachet and Orszag [ 19831 have used spectral 

methods to isolate a three-dimensional instability that seems to be primarily 

responsible for the onset of chaos in shear flows. They have found that the 

two-dimensional (or axisymmetric) flow states that result from primary, 

classicial, shear layer instability saturate into ordered finite-amplitude 

flow states and that, while these finite-amplitude states are stable to two- 

dimensional c isturbances, they are strongly unstable to three-dimensional 

disturbances. It seems that the three-dimensional flows do not saturate into 

ordered states and lead directly to chaos. 

Marcus, et al. [1982] and Marcus [1983] have made an extensive study of 

the transition process in circular Couette flow. Marcus [1983] finds that the 
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o n s e t  of wavy Taylor  v o r t e x  s t a t e s  can be understood i n  terms of a v o r t e x  

p a i r i n g  p rocess ,  not u n l i k e  t h a t  encountered i n  f r e e  s h e a r  l a y e r s  and je ts .  

In  t h i s  work, t h e  flow between r o t a t i n g  c y l i n d e r s  was s t u d i e d  by a high- 

r e s o l u t i o n  s p e c t r a l  code us ing  Chebyshev polynomial s e r i e s  i n  r and F o u r i e r  

s e r i e s  i n  0 and z. 

There has  been a l a r g e  amouont of r e s e a r c h  on convec t ing  flows based on 

t h e  a p p l i c a t i o n  of s p e c t r a l  methods. The e x t e n s i v e  c l a s s i f i c a t i o n  of t h e  

i n s t a b i l i t i e s  of Bernard l a y e r s  by Busse and h i s  c o l l a b o r a t o r s  , h a s  i n  e f f e c t  

been based on s p e c t r a l  t echniques .  Busse's p ionee r ing  work has c l a r i f i e d  bo th  

t h e  f i n i t e - a m p l i t u d e  s t a b i l i t y  and r o l e s ,  and t h e i r  th ree-d imens iona l  

i n s t a b i l i t i e s .  S i g g i a  and Z ippe l ius  [1982] have used s p e c t r a l  methods t o  

s tudy  t h e  dynamics of d e f e c t s  i n  Benard convec t ion .  McLaughlin and Orszag 

[1982] used s p e c t r a l  methods t o  study t h e  o n s e t  of chaos i n  a convec t ing  l a y e r  

s u b j e c t  t o  r i g i d  boundary c o n d i t i o n s  i n  t h e  v e r t i c a l  d i r e c t i o n  and p e r i o d i c  

boundary c o n d i t i o n s  i n  the  h o r i z o n t a l .  They found s u b s t a n t i a l  agreement wi th  

t h e  Ruelle-Takens p i c t u r e  of turbulence i n  which chaos ensues a f t e r  t h r e e  

incommensurate f r equenc ie s  becomes exc i t ed .  Curry, e t  a l .  [ 19831 made a 

s i m i l a r  s tudy of t h e  onse t  of chaos i n  a convec t ing  l a y e r  s u b j e c t  t o  f r e e - s l i p  

boundary c o n d i t i o n s  on a l l  w a l l s .  One of t h e i r  p r i n c i p a l  conc lus ions  is  t h a t ,  

w h i l e  two-dimensional convec t ion  may be p e r i o d i c  i n  t i m e ,  t h e r e  i s  a s  y e t  no 

ev idence  f o r  c h a o t i c  motions of t h e  f u l l  f l u i d  e q u a t i o n s  i n  two dimensions,  i n  

c o n t r a s t  t o  the c h a o t i c  motions exh ib i t ed  by low-order Ga le rk in  ( s p e c t r a l )  

approximat ions  t o  t h e  dynamical equat ions.  Goldhi rsch  and Orszag [1983] have 

s t u d i e d  t h e  o n s e t  theory of chaos i n  a convec t ing  l a y e r  bounded by t h e  th ree -  

d imens iona l  r i g i d  wa l l s .  I n  t h e  l a t t e r  s t u d y ,  th ree-d imens iona l  Chebyshev 

expans ions  a r e  used t o  r e s o l v e  the  f l u i d  flow. 
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There a r e  s e v e r a l  a s p e c t s  of t h e s e  s t u d i e s  of  t r a n s i t i o n  t h a t  a r e  

i n t e r e s t i n g  from t h e  numerical  p o i n t  of view. As mentioned above, Curry, e t  

a l .  [1983] and Orszag and K e l l s  [1980] f i n d  t h a t  i nadequa te ly  r e so lved  two- 

d imens iona l  flows e x h i b i t  s p u r i o u s  time dependence, whi le  adequa te ly  r e so lved  

two-dimensional flows e x h i b i t  much l e s s  time dependence than r e a l  t h ree -  

d imens iona l  flows. Toomre, Goughm and S p i e g e l  [1977] found t h a t ,  provided an 

adequa te  amount of v e r t i c a l  r e s o l u t i o n  was used, s p e c t r a l  models of convec t ion  

i n  which a s i n g l e  h o r i z o n t a l  mode w a s  r e t a i n e d  e x h i b i t e d  no t i m e  dependence. 

Marcus [1981] has found a s i m i l a r  r e s u l t  i n  a s tudy  of convec t ion  i n  s p h e r i c a l  

geometry; he also found t h a t  the  t h r e s h o l d  f o r  t ime dependence i n c r e a s e s  w i t h  

i n c r e a s i n g  h o r i z o n t a l  r e s o l u t i o n .  

Another  important p o i n t  concern ing  numer ica l  s i m u l a t i o n s  of t r a n s i t i o n  i s  

t h a t ,  i n  c o n t r a s t  t o  t h e  tu rbu lence  s i m u l a t i o n s  d i s c u s s e d  below, t r a n s i t i o n  

s i m u l a t i o n s  t y p i c a l l y  r e q u i r e  only modest s p a t i a l  r e s o l u t i o n  but  ex t remely  

high time r e s o l u t i o n .  It is  not uncommon f o r  a t r a n s i t i o n  c a l c u l a t i o n  t o  

r e q u i r e  100,000 or more t ime-steps,  wh i l e  t y p i c a l  t u r b u l e n c e  c a l c u l a t i o n s  

r e q u i r e  a t  most 1,000 - 10,000 t ime-steps,  even though the  l a t t e r  i nvo lve  

h i g h e r  r e s o l u t i o n  s p e c t r a l  codes. The r eason  i s  t h a t  t r a n s i t i o n  s t u d i e s  o f t e n  

invo lve  r e l a t i v e l y  weak i n t e r a c t i o n s  between modes t h a t  r e q u i r e  long-time 

i n t e g r a t i o n s  t o  resolve.  

S p e c t r a l  methods have been used t o  s i m u l a t e  a v a r i e t y  of t u r b u l e n t  flows. 

Perhaps  t h e  most d i s t i n g u i s h i n g  c h a r a c t e r i s t i c  of h igh  Reynolds number 

t u r b u l e n t  flows i s  t h e i r  l a r g e  range of e x c i t e d  space and time s c a l e s .  I n  

homogeneous tu rbu lence ,  d i s s i p a t i o n - s c a l e  e d d i e s  a r e  of o r d e r  R t i m e s  

s m a l l e r  than energy-containing e d d i e s ,  where R i s  t h e  Reynolds number. I n  
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order R 3 l 4  time-steps to calculate for a significant evolution of the flow. 

Even if only O(1) arithmetic operations were required per degree of freedom 

per time-step, the total computational work would scale as R3, while the 

computer storage requirement would be order R9/4. In this case, mere 

doubling of R requires an order of magnitude improvement in computer 

' capability. In this environment, it may in fact be surprising that 

significant computations can be performed for turbulent flows; nevertheless, 

it has been possible to use spectral methods to calculate some key features. 

Homogeneous turbulence is simulated by fluid motions within a box with 

periodic boundary conditions applied. The periodic boundary conditions allow 

Fourier series representation of the field variables. Starting with the work 

of Orszag and Patterson [1972], it has been possible to upgrade the spatial 

resolution of the flows being simulated to the point where it is now possible 

to simulate flows at Reynolds numbers comparable to those achievable in low- 

turbulence laboratory experiments. Herring, et al. [1974] and Orszag [976] 

report simulation of two-dimensional inertial range dynamics, while Brachet, 

et al. [1983] report the first, albeit crude, calculation of a three- 

dimensional inertial range spectrum. The work of Brachet, et al. [1983] is 

based on a numerical simulation of the Taylor-Green vortex, which is a 

special, highly symmetrical, three-dimensional flow that is a prototype of 

motions that produce vorticity. With this flow, they were able to achieve an 

effective spatial resolution of 256 x 256 x 256 Fourier modes for each of the 

v e 1 oc i t y c omp onen t s us ing the CEUY - 1 A c omp u t e r . This allowed enough 

resolution to obtain a spectrum close to k-5/3 where k is the magnitude of 

the wave number vector, and to obtain the dissipation-fluctuation corrections 

to this spectrum. 
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' For inhomogeneous t u r b u l e n t  shea r  f lows,  Orszag and P a t e r a  [1981a o r  b ? ] ,  

r e p o r t  t h e  f i r s t  d i r e c t  numerical  sirnulation of a t u r b u l e n t  channel  flow a t  

R = 5000 by u s i n g  a s p e c t r a l  s i m u l a t i o n  w i t h  64 x 64 x 65 s p a t i a l  

r e s o l u t i o n .  This c a l c u l a t i o n  was performed by imposing l amina r ,  f i n i t e -  

ampl i tude  two- and three-d imens iona l  Orr-Sommerfeld eigenmodes on an i n i t i a l l y  

laminar  v e l o c i t y  p r o f i l e .  They found t h a t ,  i n  time e v o l u t i o n ,  the  flow became 

t u r b u l e n t  and achieved a s t a t e  c o n s i s t e n t  wi th  t h e  s t r u c t u r e  of w a l l  

t u r b u l e n c e .  I n  p a r t i c u l a r ,  they found t h a t  the  von Karman "law of t h e  wa l l "  

v e l o c i t y  p r o f i l e  w a s  achieved,  wi th  a von Karman c o n s t a n t  K = 0.46 f 0.05 

(which i s  good agreement wi th  experiment).  

I f  t h e  r e s o l u t i o n  of  the  d i r e c t  s i m u l a t i o n  of t u r b u l e n c e  is inadequate  

f o r  t h e  Reynolds numbers t h a t  must be s imula t ed ,  i t  i s  p o s s i b l e  t o  use  a 

subgr id  s c a l e  t u r b u l e n c e  c l o s u r e ,  c a l l e d  a l a r g e  eddy s i m u l a t i o n ,  fo l lowing  

the  p ionee r ing  f i n i t e - d i f f e r e n c e  work of Deardorf f  [1970] ,  [1971] ,  [1972] and 

Schumann [1975].  Here, e x c i t a t i o n s  on scales s m a l l e r  t han  t h o s e  r e s o l v a b l e  on 

t h e  numer ica l  g r i d  a r e  modelled,  u sua l ly  by an eddy v i s c o s i t y  c o e f f i c i e n t .  

Such a sub-gr id-sca le  (SGS) e d d y - c o e f f i c i e n t  r e p r e s e n t s  t h e  d i s s i p a t i v e  e f f e c t  

of  motions on s c a l e s  s m a l l e r  than the e f f e c t i v e  g r i d  on t h e  l a r g e  e d d i e s ,  

( d e f i n e d  a s  those  motions adequate ly  r e p r e s e n t e d  on t h e  numerical  g r i d ) .  The 

most common form f o r  t h i s  SGS eddy v i s c o s i t y  c o e f f i c i e n t  is  due  t o  Smagorinsky 

[ 19631 

+ where A i s  t h e  g r i d  s c a l e  and v i s  t h e  large-eddy v e l o c i t y .  In s p e c t r a l  

s i m u l a t i o n s ,  i t  is p o s s i b l e  t o  use e i t h e r  (9.2) o r  some more e x o t i c  wave-space 

f i l t e r  t o  remove SGS components. In the absence of w a l l s ,  e i t h e r  method seems 
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e q u a l l y  s a t i s f a c t o r y .  For wall-bounded shea r  f lows,  Deardorf f  c a l c u l a t e s  on ly  

up t o  the  edge of t h e  b u f f e r  l aye r  between t h e  v i scous  sub laye r  and t h e  

loga r i thmic  r eg ion  of t he  v e l o c i t y  p r o f i l e .  A boundary c o n d i t i o n  i s  imposed 

a t  t h i s  p o i n t  based on t h e  von Karman theory  of t h e  w a l l  l a y e r  i n  which t h e  

t u r b u l e n t  f l u c t u a t i n g  s t r e s s  is assumed known. Molecular v i s c o s i t y  p lays  no 

r o l e  i n  Dea rdor f f ’ s  c a l c u l a t i o n s ,  which a r e  performed a t  l e a s t  formal ly ,  a t  

i n f i n i t e  R. C l e a r l y  - s u c h  a s imula t ion  does not  g i v e  a f a i t h f u l  
- 

r e p r e s e n t a t i o n  of t h e  w a l l  r e g i o n  and accompanying b u r s t s .  

I f  one is  i n t e r e s t e d  i n  t h e  physics  of w a l l  t u rbu lence ,  n e g l e c t  of t h e  

w a l l  r e g i o n  i s  u n j u s t i f i e d .  More r e c e n t  work by Moin and K i m  [1982] 

i n t e g r a t e s  up t o  t h e  r i g i d  wa l l ,  the increased  s o p h i s t i c a t i o n  g iv ing  a so- 

c a l l e d  t r a n s p o r t  eddy s imula t ion .  However, t h e  method ( a s  c u r r e n t l y  

implemented) has ,  i n  e f f e c t ,  destroyed some of t h e  o r i g i n a l  i n c e n t i v e  of 

large-eddy s imula t ion .  Th i s  po in t  i s  e a s i l y  demonstrated.  As p r e s e n t l y  

p r a c t i c e d ,  t ranspor t -eddy sub-grid-scale s i m u l a t i o n s  use uniform h o r i z o n t a l  

r e s o l u t i o n  independent of d i s t a n c e  from t h e  wa l l  (Moin and K i m  [1982]) .  I f  

c 

such a s imula t ion  i s  t o  cap tu re  s c a l e s  down t o  those  of t h e  b u r s t s ,  t h e  

deg rees  of freedom requ i r ed  s c a l e  as  R* where & i s  t h e  wal l  Reynolds 

number based on f r i c t i o n  v e l o c i t y .  This e s t i m a t e  i s  based on the  f a c t  t h a t  

s t r e a k  s t r u c t u r e  s c a l e s  wi th  the  inner v a r i a b l e s  (Kl ine ,  e t  a l .  [1967] and 

t h a t  s t reamwise and spanwise c o r r e l a t i o n s  s c a l e  with o u t e r  v a r i a b l e s ,  i .e.,  

3 

channel  width (Comte-Bellot [1965]) .  Sub-grid-scale  model l ing does a l low 

s l i g h t l y  h ighe r  Reynolds numbers than those  t h a t  can be achieved wi thout  

model l ing  (Moin and K i m  [1982])  achieve & = 640 by t ranspor t -eddy model l ing 

whi le  t h e  d i r e c t  numerical  s imula t ions  of Orszag and P a t e r a  [1981a] a r e  

r e s t r i c t e d  t o  & = 200) ,  bu t  bu r s t s  a t  mean Reynolds numbers of 20,000 - 

100,000 ( i n  plane P o i s e u i l l e  flow) are beyond any sub-gr id-sca le  model as now 
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high r e s o l u t i o n  schemes, which may be u s e f u l l y  e x t r a c t e d  i n  o b t a i n i n g  high 

implemented. I n  o t h e r  words, f o r  a sub -g r id - sca l e ,  large-eddy s i m u l a t i o n  t o  

do s i g n i f i c a n t l y  b e t t e r  than a d i r e c t  s i m u l a t i o n ,  t h e  dependence of r e q u i r e d  

d e g r e e s  of freedom m u s t  s c a l e  l e s s  r a p i d l y  than R, as R, becomes l a r g e .  

A t  p r e s e n t ,  no such method e x i s t s .  

3 

10. COMPRESSIBLE- FLOWS 

I n  r e c e n t  yea r s ,  s p e c t r a l  methods have begun t o  be app l i ed  t o  t h e  

s o l u t i o n  of both s teady and time-dependent compress ib l e  flow problems. 

However, i n  c o n t r a s t  t o  t h e  s o p h i s t i c a t e d  a p p l i c a t i o n s  of s p e c t r a l  methods t o  

incompress ib l e  flow problems, the  a p p l i c a t i o n s  t o  compress ib le  flow problems 

a r e ,  t o  d a t e ,  l e s s  developed. 

There a r e  two unique f e a t u r e s  of compress ib l e  flow problems t h a t  have 

r e q u i r e d  a d d i t i o n a l  t h e o r e t i c a l  and p r a c t i c a l  developments i n  t h e  s p e c t r a l  

t echn ique .  A t  first glance,  t h e  most d i f f i c u l t  problem is  t h a t  i n v i s c i d  

compress ib le  flows t y p i c a l l y  develop d i s c o n t i n u o u s  s o l u t i o n s .  It i s  by no 

means c l e a r  t h a t  t hese  shocked s o l u t i o n s  a r e  amenable t o  numer ica l  s o l u t i o n  by 

t echn iques  of high formal accuracy  l i k e  s p e c t r a l  methods. On the  one hand, i t  

has  been proven ( s e e  S e c t i o n  3 1 ,  t h a t ,  f o r  l i n e a r  problems, h igh  accuracy can 

be main ta ined  wi th in  s p e c t r a l  methods f a r  away from a d i s c o n t i n u i t y ;  on t h e  

o t h e r  hand, i t  may be  thought t h a t  f o r  n o n l i n e a r  problems t h e  o v e r a l l  accuracy  

i n  t h e  presence  of  d i s c o n t i n u i t i e s  i s  l i m i t e d  t o  f i r s t  o r d e r .  However, Lax 

[1978]  has argued t h a t  more in fo rma t ion  about  t h e  s o l u t i o n  i s  con ta ined  w i t h i n  

r e s o l u t i o n  r e s u l t s .  

The o t h e r  major problem wi th  compress ib l e  flows i s  a s s o c i a t e d  wi th  the  

boundary cond i t ions  t h a t  must  be a p p l i e d .  For i n v i s c i d  problems t h a t  a r e  



hyperbo l i c  i n  n a t u r e ,  t h e  a n a l y t i c  s o l u t i o n  i s  d r i v e n  by t h e  d a t a  e n t e r i n g  a t  

i n f low boundar ies  and t h e  numerical  technique should minimize t h e  i n f l u e n c e  of 

c o n d i t i o n s  imposed on out f low boundaries .  Because of t h e  high accuracy of 

s p e c t r a l  methods and t h e i r  g l o b a l  na ture ,  c o r r e c t  implementat ioh of boundary 

c o n d i t i o n s  i s  c r u c i a l  t o  ob ta in ing  s t a b l e  and a c c u r a t e  r e s u l t s .  

10.1 One-Dimensional and Quasi-One-Dimensional Flows 

G o t t l i e b ,  Lustman and Orszag [ l 9 8 l ]  cons idered  t h e  s o l u t i o n  of one- 

d imens iona l ,  i n v i s c i d ,  compressible  flows wi th  shocks by s p e c t r a l  methods. In  

p a r t i c u l a r  they d i scussed  methods capable  of c a p t u r i n g  a shock wave over  one 

g r i d  i n t e r v a l .  In  a d d i t i o n  t o  the  conven t iona l  shock tube problem, they 

t r e a t e d  t h e  problem of a s t r o n g  shock wave ove r t ak ing  a weak shock r e s u l t i n g  

i n  a s i n g l e  shock and a r a r e f a c t i o n  wave. To demonst ra te  r e s o l u t i o n  of t h i s  

shock and t h e  c o n t a c t  d i s c o n t i n u i t y  over a s i n g l e  g r i d  i n t e r v a l ,  t h e  d e n s i t y  

p l o t  a f t e r  shock coa lescence  i s  reproduced i n  F igure  5. F igure  5a shows t h e  

d e n s i t y  d i s t r i b u t i o n  a f t e r  t he  a p p l i c a t i o n  of t h e  s t a b i l i z i n g  low-pass f i l t e r  

which c o n s i s t s  of an exponen t i a l  cut-off  of high f r equenc ie s  ( s e e  G o t t l i e b ,  

Lustman and Orszag [1981] f o r  d e t a i l s ) .  F igu re  5b d i s p l a y s  t h e  d e n s i t y  

d i s t r i b u t i o n  a f t e r  apply ing  what is c a l l e d  t h e  pos t -process ing  f i l t e r  

( G o t t l i e b ,  Lustman and Orszag [1981]) which i s  s i m p l y  t h ree -po in t  averaging  

except  i n  the  immediate neighborhood of t h e  d i s c o n t i n u i t y  i t s e l f  where t h e  

ave rag ing  i s  one-sided. 

These s i m p l e  f i l t e r s  appear  t o  be s u f f i c i e n t  t o  s t a b i l i z e  the  s o l u t i o n ,  

suppres s  t h e  Gibb’s phenomenon and poss ib ly  achieve  s p e c t r a l  accuracy f o r  flow 

problems c o n s i s t i n g  of p iecewise  l i n e a r  p r o f i l e s .  It remains t o  be seen i f  

spec t ra l  accuracy can be maintained f o r  more s t r u c t u r e d  flows. It should a l s o  

be  noted t h a t  i n  t h i s  method, a l though shock waves are not  f i t t e d  a s  

.>.., . . . _ .  ~ ~ . . . . .  . .  ... . . . . . . . .  . . , , . . .. . . .. ._ . 
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discontinuities, the post-processing filters employed do require knowledge of 

the shock locations which can be obtained in either physical or spectral 

space. Even assuming knowledge of the shock locations, there is a serious 

need for development of spectral filtering techniques t o  remove with global 

oscillations without loss of spectral accuracy. 

Zang and Hussaini [1980] present pseudospectral solutions to more 

complicated flow problems. Their results show that a highly structured flow 

field is well represented along with the sharp front of the shock (see Figure 

6 ) .  However, the rate of convergence to the inviscid solution is only finite. 

Other spectral work on one-dimensional shock problems has been done by Taylor, 

et al. [1981] and Cornille [1982]. 

10.2 Two-Dimensional Flows 

10.2.1 Euler Eauations 

Gottlieb, Lustman, and Street (this volume) study simple variants of the 

problem of a regular reflection of an oblique shock wave from a solid surface 

by solving the Euler equations in conservation form. The pseudospectral 

technique employed is a straight-forward extension of the method developed for 

the one-dimensional case (Gottlieb, Lustman and Orszag [1981]). The smoothing 

and filtering methods which work well in the one-dimensional shock tube 

problem yield similar results in the two-dimensional shock reflection problem 

if the flow involved is piecewise uniform. 

A careful treatment of the boundary conditions is extremely important as 

the spectral method is not as forgiving as the finite difference method in 

this aspect. Imposition of the boundary conditions in the characteristic form 

is found to work satisfactorily as predicted by the linear theory of Section 

6 .  Figure 7 shows the results of calculations described in Salas, et al. 



I19821 for the interaction of a Mach 1.3 shock wave with an idealized Karman 

’ vortex street, and it illustrates the sensitivity of spectral methods to 

boundary treatment. The only difference between the two calculations is the 

treatment of the left subsonic inflow boundary. For the calculations shown in 

the top row, all the variables were prescribed. This overspecification of 

boundary conditions leads to the eventual contamination of the entire 

solution. In the second calculation, only three of the four variables were 

. 

specified at the left boundary. The remaining variable, the pressure, was 

computed from the interior solution along a linearized characteristic. The 

details of method to impose the boundary conditions is given in Gottlieb, et 

al. (this volume). 

It should be emphasized that spectral methods for even slightly complex 

discontinuous two-dimensional flows governed by the Euler conditions require 

further development. To date the best pseudospectrdl Euler solutions with 

shock capturing have been obtained for one-dimensional and quasi-one- 

dimensional flows; as was pointed out in Section 10.1, the post-processing 

filter did involve explicitly locating the shock, and even so the accuracy of 

the structured, smooth regions of the flow was affected. Pending development 

of improved filtering techniques, it is expedient to fit the shock, and thus 

to maintain the usual advantages that arise from the application of spectral 

methods to smooth problems. 

10.2.2 Shock Fitting 

Fitting or tracking a shock in one dimension is simple. It involves a 

straightforward application of Rankine-Hugoniot conditions. In two 

dimensions, shock fitting is more complicated. Usually a coordinate 

transformation is employed so that the shock wave becomes a coordinate 



76 

boundary. To be s p e c i f i c ,  l e t  x < x < x - w < y < ( s e e  F igu re  8)  be 

t h e  r e g i o n  f o  computation bounded on t h e  r i g h t  by t h e  shock wave 

L S 

Define t h e  c o o r d i n a t e  t r a n s f o r m a t i o n  

Y = y ,  T =  t L x - x  
x -  x ( y , t )  - x ’ 

S L 

where ( x , y )  i s  the C a r t e s i a n  c o o r d i n a t e  system i n  t h e  p h y s i c a l  space and t ,  

t h e  p h y s i c a l  time. With t h e  flow f i e l d  i n  f r o n t  of t h e  shock known, the  flow 

f i e l d  immediately behind t h e  shock can be  e v a l u a t e d  v i a  t h e  Rankin-Hugoniot 

c o n d i t i o n s  i f  the  shock v e l o c i t y  is  known. 

L e t  t h e  shock speed be d e f i n e d  by 

A 

and t h e  u n i t  normal N t o  t h e  shock by 

A A  A 

N = ax + fly 

where and a r e  u n i t  v e c t o r s  i n  t h e  x- and y - d i r e c t i o n  r e s p e c t i v e l y .  

Then t h e  shock v e l o c i t y  i s  

S = x s x ,  

- 
and i t s  component in  t h e  d i r e c t i o n  N i s  
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. 

t -  
w = x * N .  

S 

I f  t h e  v e l o c i t y  f i e l d  i n  f r o n t  of t h e  shock i s  

A A 

v = ux + vy,  

t h e  v e l o c i t y  component r e l a t i v e  t o  the  shock i n  t h e  d i r e c t i o n  of t h e  normal 

N i s  
A 

N + A  

Ure l  
= V * N - w 

S’ 

= u a +  v8 - w 
5 ’  

and t h e  Mach number r e l a t i v e  t o  the  shock i s  

N 

‘re 1 = -  
Mrel  a 

where a i s  t h e  sound speed i n  f r o n t  of t h e  shock. With the  r e l a t i v e  Mach 

number known, t h e  flow v a r i a b l e s  behind the  shock can  be eva lua ted  us ing  t h e  . 

Rankine-Hugoniot r e l a t i o n s .  Then t h e  c o m p a t i b i l i t y  r e l a t i o n  f o r  t h e  

c h a r a c t e r i s t i c  r each ing  the  shock wave i n  t h e  x,T p lane  from t h e  h i g h  

p r e s s u r e  s i d e  i s  ob ta ined  by combining t h e  e q u a t i o n  of c o n t i n u i t y  and t h e  x- 

momentum equa t ion .  I f  the  t i m e  d e r i v a t i v e s  appear ing  i n  t h i s  expres s ion  a r e  

r e p l a c e d  by those  ob ta ined  by d i f f e r e n t i a t i n g  t h e  Rankine-Hugoniot r e l a t i o n s  

t 
x wi th  r e s p e c t  t o  T,  t h e  equa t ion  f o r  shock a c c e l e r a t i o n  3 ;  /aT i s  found. 

The r e q u i r e d  shock speed is  ob ta ined  by i n t e g r a t i n g  t h i s  e q u a t i o n .  

S 

While s o l v i n g  the  equa t ions  of motion by e x p l i c i t  t i m e  d i s c r e t i z a t i o n ,  

t h e  shock v e l o c i t y  and p o s i t i o n  i s  computed a t  every s t e p .  It should b e  noted 
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t h a t  t h e  shock boundary i n  t h e  computa t iona l  domain i s  a supe r son ic  inf low 

boundary, and the  Rankine-Hugoniot r e l a t i o n s  provide  t h e  boundary c o n d i t i o n s  

f o r  a l l  of t h e  v a r i a b l e s  once t h e  unknown shock v e l o c i t y  i s  computed. The 

shock f i t t i n g  s t r a t e g y  descr ibed  he re  has  been used wi th  t h e  pseudospec t r a l  

method t o  s tudy t h e  c l a s s i c a l  b l u n t  body problem, (Hussa in i  and Zang ( t h i s  

volume)) and the more complex problem of a shock wave i n t e r a c t i n g  wi th  

t u r b u l e n c e s  (Zang, Kopriva and Hussa in i  [1983] ) .  

10.2.3 P o t e n t i a l  Equat ions 

It i s  w e l l  known t h a t ,  even wi th  weak shocks,  a good approximation t o  

t r a n s o n i c  flows is obta ined  using t h e  compress ib le  p o t e n t i a l  equat ion .  The 

most d i s t i n g u i s h i n g  and a l s o  d i f f i c u l t  f e a t u r e  of t r a n s o n i c  flows i s  t h e i r  

mixed subsonic-supersonic  c h a r a c t e r ,  which w a s  t r e a t e d  computa t iona l ly  by 

Murman and Cole [1971],  who in t roduced  type  dependent d i f f e r e n c i n g  schemes f o r  

s t e a d y  p lane  t r anson ic  flow. 

The ex tens ion  of type-dependent schemes t o  use pseudospec t r a l  methods 

app l i ed  t o  t ransonic  p o t e n t i a l  flow p a s t  a p a r a b o l i c  a r c  a r e  r epor t ed  i n  

G o t t l i e b ,  Lustman, and S t r e e t t  ( t h i s  volume). S t r e e t t  [1983] has  -obtained 

pseudospec t r a l  s o l u t i o n s  f o r  a r b i t r a r y  l i f t i n g  a i r f o i l s .  The a i r f o i l  i s  

mapped on to  a cy l inde r  us ing  conformal mapping. The f u l l  p o t e n t i a l  equa t ions  

i n  t h e  computat ional  plane a r e  solved using t h e  c y l i n d r i c a l  p o l a r  c o o r d i n a t e  

system wi th  Four ie r  r e p r e s e n t a t i o n  i n  the  aximuthal  d i r e c t i o n  and Chebyshev 

polynomi-a1 r e p r e s e n t a t i o n  i n  t h e  r a d i a l  d i r e c t i o n .  Shocks a r e  captured  us ing  

t h e  second o rde r  a r t i f i c i a l  d e n s i t y  method as i n  the  f i n i t e  d i f f e r e n c e  codes. 

For s u p e r c r i t i c a l  c a s e s ,  an i t e r a t i v e  scheme combining AF1 (Douglas-Gunn) and 

AF2, ( s e e  Holst  [1979] ) ,  i s  found t o  be f a i r l y  e f f i c i e n t .  For s u b c r i t i c a l  

f lows,  fou r  decimal p l ace  accuracy i n  s u r f a c e  p r e s s u r e  and l i f t  i s  obta ined  
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with  a g r i d  of 1 2  x 40 p o i n t s ,  and a t y p i c a l  c a l c u l a t i o n  r e q u i r e s  about 45 

seconds  on CDC CYBER 175. The we l l  known f i n i t e  d i f f e r e n c e  m u l t i g r i d  code, 

FLO-36 (Jameson [1979]) r e q u i r e s  about 40 seconds on t h e  same computer on a 

32 x192 g r i d  f o r  the  same accuracy. The s u p e r c r i t i c a l  c a s e s  r e q u i r e  more 

r e s o l u t i o n  and t h e  i t e r a t i v e  scheme su f fe r s  from slow convergence. 

. 

The m u l t i g r i d  procedure g iven  i n  S t r e e t t ,  e t  a l .  [1983] i s  found t o  

a c c e l e r a t e  s u b s t a n t i a l l y  t h e  convergence r a t e  bo th  i n  the  s u b c r i t i c a l  and 

s u p e r c r i t i c a l  ca ses .  For example, converged s o l u t i o n s  €or s u b c r i t i c a l  flow 

c o n d i t i o n s  a r e  ob ta ined  i n  less than  15 seconds on the  CYBER 175, u s ing  a g r i d  

of 16 x 32 p o i n t s .  Even more dramatic improvements a r e  obta ined  i n  t h e  c a s e  

of  s u p e r c r i t i c a l  flow ( F i g u r e  9)  where t h e  machine t i m e  i s  reduced by a f a c t o r  

between 20 and 50 over a s i n g l e  g r i d  i t e r a t i o n  scheme. 

I n  summary, t h e  i t e r a t i v e  schemes developed f o r  f i n i t e  d i f f e r e n c e  

d i s c r e t i z a t i o n  can e q u a l l y  be a p p l i e d  e q u a l l y  w e l l  t o  s p e c t r a l  

d i s c r e t i z a t i o n s .  S ince  t h e  r e s i d u a l  c a l c u l a t i o n  i s  an o r d e r  of magnitude more 

expens ive  t h a n  t h e  approximate f a c t o r i z a t i o n  o r  approximate i n v e r s e  

c a l c u l a t i o n ,  reducing  t h e  number o f  i t e r a t i o n s  r e q u i r e d  for a g iven  

convergence c r i t e r i o n  i s  t h e  major requirement f o r  a good s p e c t r a l  method. 

The a r t i f i c i a l  d e n s i t y  technique us ing  f i n i t e  d i f f e r e n c e s  y i e l d s  

s a t i s f a c t o r y  r e s u l t s .  However, from t h e  s t a n d p o i n t  of accuracy,  t h i s  

t echn ique  for  c a p t u r i n g  shocks requires improvement. The advantage of a 

reduced number of p o i n t s  for a given accuracy  i s  o f f s e t  by t h e  g r e a t e r  c o s t  

p e r  p o i n t  o f  the  s p e c t r a l  method t o  t h e  e x t e n t  t h a t  t h e  t o t a l  cos t .  o r  a 

s p e c t r a l  s o l u t i o n  may be of the  Same o r d e r  a s  t h a t  f o r  t h e  f i n i t e  d i f f e r e n c e  

s o l u t i o n .  Improvements i n  i t e r a t i v e  methods, l i k e  t h e  m u l t i g r i d  method, 

promise t o  g ive  s p e c t r a l  methods t h a t  are more e f f i c i e n t  i n  both  s t o r a g e  and 

work t h a n  t h e  b e s t  a v a i l a b l e  f i n i t e  d i f f e r e n c e  methods. 
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10.3 Three-Dimensional Flows 

Lambiotte, et al. [1982] have developed a three level time-split 

spectral/finite difference method for the numerical solution of the three- 

dimensional compressible Navier-Stokes equations. The first fractional step 

includes the effect of the advection terms, using a variable-step second-order 

Adams-Bashforth method. The pseudospectral method is used for calculating x- 

and y-derivatives. The second fractional step is an implicit pressure 

correction to avoid numerical instabilities due to sound waves. In the third 

fractional step, viscous corrections are made to the inviscid solution 

obtained in the previous two steps. Use of the pseudospectral technique for 

the evaluation of the compressible viscous terms involve a large amount of 

computation. Since viscosity is small at large Reynolds number, it is 

reasonable to limit the computational work by discretizing the viscous terms 

using central differences. The truncation error is on the order of 

2 v(At + Ax2 + Ay2 + Az ) here v is the maximum kinematic viscosity. To 

avoid severe time-step restrictions resulting from small z in the stretched 

z-mesh, the z-derivatives are treated implicitly. This algorithm is being 

used to study compressible shear flows at high Reynolds number such as the 

incipient stages of transition to turbulence, and receptivity of laminar 

boundary layers t o  external disturbances. 

Feiereisen, Reynolds, and Ferziger [1981 J have carried out a numerical 

simulation of low Reynolds number homogeneous turbulent shear flow using the 

three-dimensional Compressible Navier-Stokes equations. Foliowing Rogallo 

[ 19771, they apply a coordinate transformation to the Navier-Stokes equations 

which permits imposition of periodic boundary conditions. Thus they were able 

to use a pseudospectral Fourier method in space. 
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APPENDIX A 

The e r r o r  bounds presented  i n  Sec t ions  3 and 5 f o r  t h e  p s e u d o s p e c t r a l  

methods were a l l  der ived  us ing  energy estimates which a r e  g l o b a l  i n  space.  

Consequently,  s p e c i a l  f e a t u r e s  of t h e  l o c a l  behavior  of t h e  e r r o r  may be l o s t  

i n  t h i s  a n a l y s i s .  

I n  a n  unpubl ished paper,  Dubiner  j1977) gave a d e t a i l e d  asymptot ic  

a n a l y s i s ,  independent of t h e  energy method, of t h e  e r r o r  i n  v a r i o u s  s p e c t r a l  

methods. H i s  o r i g i n a l  method i s  reviewed h e r e  f o r  t h e  p a r t i c u l a r  example of 

t h e  wave equat ion .  

Consider  t he  equa t ion  

u = u  t X 

u (x ,o)  = f ( x )  

u ( 1 , t )  = q ( t >  

Le t  uN be  the  polynomial approximation t o  t h e  s o l u t i o n  u of (Al ) .  This 

approximation may be obta ined  e i t h e r  by t h e  pseudospec t r a l ,  Galerk in  o r  t a u  

Cheyshev methods. I n  a l l  . t h e  above' c a s e s  uN s a t i s f i e s  the  fo l lowing  

e q u a t i o n  

( x , t >  + T N ( t )  qN(x)  
aUN 2 ( x ; t )  = - 

a U  
a t  ax 

UN(X,0) = P N  f = fN(X) 

U N ( l , t )  = g ( t ) ,  

where q N ( d  is  a polynomial of degree N i n  x and T i s  a f u n c t i o n  of t. 
N 
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I n  t h e  case of t h e  p s e u d o s p e c t r a l  Chebyshev method based on t h e  

g iven  i n  (4.11, x j  c o l l o c a t i o n  po in t s  

g iven  i n  (4.18) Y j  For t h e  pseudospec t r a l  method based on t h e  p o i n t s  

Ti+l qN(x)  = - 2 ’  
. N  

whi le  f o r  t h e  Galerk in  method 

and f o r  t h e  t a u  method 

qN(x)  = TN(x) 

( G o t t l i e b  and Orszag [1977] ) .  In  a l l  c a s e s  ~ ~ ( t )  is  determined by t h e  

c o n d i t i o n  t h a t  u g ( x , t )  be .  a polynomial i n  x of deg ree  a t  most N. The 

q u a l i t y  of t h e  approximation depends on t h e  behav io r  of t h e  unknown f u n c t i o n  

T N ( t ) .  

t N ( t )  i n  terms o f  qN(x), PNf(x)  and g ( t )  u s i n g  on ly  t h e  f a c t  t h a t  uN i s  

a polynomial i n  x. 

The bas i c  idea  of Dubiner’s method i s  t o  f i n d  an e x p r e s s i o n  f o r  

To do t h i s  we Laplace  t r ans fo rm e q u a t i o n  (A2) with  r e s p e c t  t o  time t o  g e t  Y 

A A 

UN(l,S) = g(s )  

. .  . .  . - . . .  . -  - .- . . ~ . . .. .. . 
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c 

where u N ( x , s )  is t h e  Laplace transform of uN(x , t )*  Equat ion ( A 7 1  is  an  

o r d i n a r y  d i f f e r e n t i a l  equa t ion  wi th  s o l u t i o n  

Observe now t h a t  t h e  l e f t  s i d e  of ( A 8 )  i s  a polynomial i n  x, whereas t h e  

f i r s t  term on the  r i g h t  s i d e  i s  growing e x p o n e n t i a l l y  wi th  i n c r e a s i n g  x. 

The re fo re ,  as x + t h e  term i n  the  b r a c k e t s  appear ing  i n  t h e  r i g h t  s i d e  of 

( A 8 )  must vanish  g i v i n g  

Equat ion  ( A 9 1  y i e l d s  t h e  d e s i r e d  express ion  f o r  t h e  func t ion  T ~ ( s )  t h a t  

governs t h e  behavior  of t h e  e r r o r  i n  t h e  s p e c t r a l  approximation t o  t h e  wave 

equat ion .  

Dubiner proceeds by cons ide r ing  a l a r g e  c l a s s  of polynomials qN(x) 

r a t h e r  than  t h e  p a r t i c u l a r  forms ( A 3 1  - ( A 6 ) .  This  c l a s s  i s  c h a r a c t e r i z i e d  a s  

fo l lows .  

Le t  

z (x )  = x[l  + p 1 x 3 

and D(Z) be an a n a l y t i c  func t ion  ( excep t  f o r  a l g e b r a i c  s i n g u l a r i t i e s  a t  

x = * l )  t h a t  grows l e s s  than exponen t i a l ly  f a s t  nea r  i n f i n i t y .  Moreover 

assume t h a t  
c 

Z + l l  << 1 

z-11 << 1 



84 

Then we c o n s i d e r  t h e  c lass  of  polynomials  s a t i s f y i n g  

(A101 

-2 I 3  I x+l  I < < N  

( A l l )  

-2 /3  1.-1 I < < N  . 

This  assumption is  s a t i s f i e d  by a l l  t h e  o r thogona l  polynomials  wi th  weight  

f u n c t i o n  a( x)  

where b (x )  is  a nonnegat ive polynomial on [ - 1 , 1 ] ,  and i n  p a r t i c u l a r  f o r  t h e  

polynomia ls  given by (A3) - (A6). 

For  t h i s  review we  omit now t h e  ( v e r y  s o p h i s t i c a t e d )  a sympto t i c  expans ions  

t h a t  l e a d  t o  the  e r r o r  e s t i m a t e s .  I n  F igu re  10 t h e  e r r o r  of t h e  

p s e u d o s p e c t r a l  Chebyshev approximat ion  t o  w i t h  d a t a  which has  

I 

ut + uX = 0 

R smooth d e r i v a t i v e s  i s  given.  Observe t h e  d i f f e r e n t  behav io r  i n  d i f f e r e n t  

r e g i o n s  i n  t h e  x , t  . p l a n e ,  a behav io r  t h a t  can n o t  b e  ob ta ined  e a s l i y  by t h e  

a n a l y s i s  based on energy methods. 
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Figure 1. F i l t e r e d  Fourier d e r i v a t i v e  o f  the f u n c t i o n  

- 
with K~ = 45, ~ ~ 6 4 ,  p = 0 , 2 , 4 ,  and 6 ( formula (2 .12 ) ) .  
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6. 

Figure 2. Fi l t ered  Chebyshev d e r i v a t i v e  o f  a s t e p  function with 

N 6 4 ,  p = 0 , 2 , 4 ,  and 6 ( formula ( 5 . 8 ) ) .  

a. = 4 5 ,  
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Figure 3.  MR method on a 32 x 32 g r i d .  
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a) Contours of aupy at peak position; early devel- 
opment. i )  K O V ~ ~ Z M Y  et al. [73. Fig. loa]. i i)  Nu- 
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Figure 4. 
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Figure 5. Spectral capturing of shock coalescence without and 

with post-processing. 
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